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THE BROOKS’ 
INDUCTOMETER 


In the Brooks’ Inductometer is offered a compact form 
of variable inductance, with a self inductance range of 5 
to 50 millihenrys, possessing the following advantages: 


1. A fair degree of astaticism, which tends to eliminate 
errors due to stray field effects. 


2. It is less expensive and at the same time fully as ac- 
curate as the Ayrton-Perry instrument. 
3. It occupies less space than the Ayrton-Perry form. 


The instrument has a very nearly uniform scale, obtained 
by properly proportioning the coils. 


It may be used as a mutual inductance. 


It has a good ratio of maximum to minimum induc- 
tance (about g to 1) and also has as high a time constant 
as is consistent with good design and moderate size. 


The instrument is fully described in Bulletin No. 152, a 
copy of which will be sent upon request. 
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THEORY OF THE THERMIONIC AMPLIFIER 


By H. J. VAN DER BIJL. 
I. INTRODUCTION. 


]* this paper will be given the theory of operation of the thermionic 

amplifier. This device consists essentially of an evacuated vessel 
containing a hot cathode, an anode placed at a convenient distance 
from the cathode, and a third electrode adjacent to the cathode. This 
electrode, which we shall call the auxiliary electrode, may be in the form 
of a grid placed between the cathode and anode. It may also be in the 
form of a plate placed on the side of the cathode opposite to that of the 
anode, or in the form of a wire or a plurality of wires galvanically con- 
nected and placed in the plane of the cathode parallel to that of the 
anode. The theory to be given here applies to any of these structures, 
although in particular it will be explained with reference to the case in 
which the auxiliary electrode takes the form of a grid between cathode 
and anode. 

The cathode usually consists of a filament which can be heated by 
passing an electric current through it. If the anode be made positive 
with respect to the filament, the electrons emitted from the hot filament 
travel to the anode, and the current thus established in the circuit con- 
necting the filament and anode (that is, the output circuit) can be varied 
by potential variations applied to the auxiliary electrode. 

During several years past a considerable amount of research and 
development work has been done in this laboratory on this device and 
its various applications. What is given in the following pages is merely 
an outline of the theory of operation, the framework of which was 
worked out in the winter of 1913-14 and which formed the basis of 
development work that has since been going on in this laboratory. 

When Dr. H. D. Arnold started making experiments on this device 
he realized. that a necessary condition for satisfactory operation as a 
telephone relay was that the device must be operated under such condi- 
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tions that ionization by collision of the residual gas is inappreciable. 
As is well known to workers in this field, it is difficult to keep a discharge 
steady and reproducible when ionization by collision is appreciable, 
and steadiness and reproducibility are conditions that must be complied 
with by a telephone relay. 

It is at present impossible to entirely eliminate ionization by collision. 
The number of positive ions produced by the discharge in devices of this 
kind could easily be measured even when the pressure is as low as 1077 
mm. Hg.! But the amplifier can always be operated under such condi- 
tions that the number of positive ions formed by collision ionization is 
always small compared with the number of electrons moving from cathode 
to anode. 

This condition is presumed in the following. The theory given here 
has been found to hold with sufficient accuracy, for the computation of 
circuits involving thermionic amplifiers. It is hardly possible to meet 
the requirements of efficiency and satisfactory operation of the device 
without an explicit mathematical formulation of its operation. Take, 
for instance, the case in which the device is used for relaying telephonic 
currents. A satisfactory telephone relay must not only amplify power 
(of course, with the help of local power), but must also be capable of 
handling sufficient power and have a definite impedance to fit the 
impedance of the telephone line. Unless the amplifier be properly 
designed, it will not satisfy these conditions, and so much distortion may 
be produced as to make the device worthless as a telephone relay. On 
the other hand, it has been found that a properly designed thermionic 
amplifier meets the above-named requirements very satisfactorily. 


II. CURRENT-VOLTAGE CHARACTERISTICS OF SIMPLE THERMIONIC 
DEVICES. 


In this type of amplifier, use is made of the thermionic currents ob- 
tained from incandescent filaments. We shall not here enter into a 
discussion of the extensive investigations that have been carried out on 
thermionics; but merely touch upon those phases of the subject which 
have a direct bearing on the theory of operation of the thermionic 
amplifier. 

Consider a structure consisting of a heated cathode and an anode, 
and contained in a vessel which is evacuated to such an extent that the 

1 In this connection it may be stated that the most reliable gauge for the measurement of 
high vacua is the so-called “‘ionization manometer”’ recently devised by O. E. Buckley of 
this laboratory. In this manometer, which can be used for pressures below 10~* mm. Hg, 


the pressure is measured by the number of positive ions produced by collision of electrons 
coming from a hot filament with the residual gas molecules. 
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residual gas does not play any part in the current convection from 
cathode to anode. The number of electrons emitted from the cathode 
is a function of its temperature. If all the electrons emitted from the 
cathode pass to the anode, the relation between the resulting current I 
and cathode temperature T is given by a curve of the nature shown in Fig. 
1. This curve is obtained provided the voltage between anode and 
cathode is always high enough to drag all the electrons to the anode as 
fast as they are emitted from the cathode; that is, J in Fig. 1 represents 
the saturation current. The saturation current is obtained in the follow- 
ing way: Suppose the cathode be maintained at a constant temperature 
T, and the voltage V between anode and cathode be varied. As this 
voltage V is raised from zero, the current J to the anode at first increases, 
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the relation between V and I being represented by the curve OA, of 
Fig. 2. Any increase in V beyond the value corresponding to A; causes 
no further increase in J, and we get the part A,B, of the curve. Clearly 
this part of the curve corresponds to the condition when all the emitted 
electrons are drawn to the anode as fast as they are emitted from the 
cathode. If the cathode temperature be increased to T2, the number of 
emitted electrons is increased, and we get the curve OA2Bz. When 
these values of the saturation current are plotted as a function of the 
temperature, we obtain the curve of Fig. 1. This curve is represented 
very approximately by the equation 


(1) I = aT'’e’'’, 


where a and 0 are constants. This equation was derived by O. W. 
Richardson in 1901! on the basis of the theory that the electrons are 


1 Proc. Camb. Phil. Soc., Vol. II., 285, 1901; Phil. Trans. Roy. Soc., A, 201, 1903. 





































SECOND 
174 H. J. VAN DER BIJL. — 


emitted from the hot cathode without the help of any gas, but solely 
in virtue of their kinetic energy. The formulation of this theory was the 
first definite.expression. of:-what may be termed a pure electron emission. 

In the state in which Richardson’s equation holds, the current is 
independent of the voltage. Under these conditions the device to be 
treated in the following does not function as an amplifier, since it depends 
for its operation on the variation of current produced by variation of 
voltage. The condition under which the current is a function of the 
voltage is represented by the part OA of Fig. 2. Here the voltage is not 
high enough to draw all the electrons to the anode as fast as they are 
emitted from the cathode; in other words, there are more electrons in 
the neighborhood of the cathode than can be drawn away by the applied 
voltage. It was first pointed out explicitly by C. D. Child in 1911 that 
this limitation to the current is due to the space charge effect of the 
electrons in the space between anode and cathode. Working on the 
basis that ions of one sign only are present, Child deduced the equation :! 
2e V? 


9 ? 


m Xx 


I 
(2) [= a \ 
where J is the thermionic current per square centimeter of cathode 
surface, V the voltage between anode and cathode, x the distance between 
anode and cathode, and e and m are the charge and mass of the ion 
respectively. 

This equation was deduced on the assumption that both cathode and 
anode are equipotential surfaces of infinite extent. 

The equations that hold in the case in which the cathode is a filament, 
and therefore not an equipotential surface, were obtained theoretically 
by W. Wilson, of this laboratory. For the case that the negative end 
of the filament is connected through the battery E to the anode, and this 
end of the filament taken as the zero of potential, the potential of the 
positive end of the filament being Vo and that of the plate V, Wilson finds: 


2 ke Vil? Vo\? 7. 
(3) rai 1-(-7) liv > Vo, 
ke V5! 
(4) I= : ———a¥ <M 
‘0 


where k is a constant and e the elementary charge. 


1C. D. Child, Puys. REv., 32, 498, 1911. The space charge effect has been fully studied 
by J. Lilienfeld (Ann. d. Phys., 32, 673, 1910); I. Langmuir (Puys. REv. (2), 2, 450, 1913), 
who also independently derived the space charge equation (2) and published a clear explana- 
tion of the limitation of current by the space charge; and Schottky (Jahrb. d. Rad. u. Elek- 
tronik, Vol. 12, p. 147, 1915.) 
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When the full space charge effect exists, the current is independent of 
the temperature of the cathode. This can be understood more easily 
with reference to Fig. 3, which gives the current as a function of the 
temperature of the cathode for various values of the voltage between 
anode and cathode. Suppose a constant voltage V,; be applied between 
anode and cathode, and the temperature of the cathode be gradually 
increased. At first when the temperature is still low, the voltage V; is 
large enough to draw all the emitted electrons to the anode, and an 
increase in the temperature results in an increase in the current. This 
gives the part OC, of the curve of Fig. 3. When the temperature corre- 
sponding to C; is reached, so many electrons are emitted that the resulting 
volume density of their charge causes all other emitted electrons to be 
repelled, and these return to the fila- 
ment. Obviously any further in- 
crease in the temperature of the ca- 
thode beyond that given by C,; causes 
no further increase in the current, 
and we obtain the horizontal part 
C,D,. If, however, the voltage be 
raised to Ve, the current increases, 
since more electrons are now drawn 
away from the supply at the filament, 
the full space charge effect being 
maintained by less emitted electrons 
being compelled to return to the Fig. 3. 
filament. It is now clear that the 
part OC of Fig. 3 corresponds to the part AB of Fig. 2 and CD of Fig. 3 
to OA of Fig. 2. The latter represents the condition under which the 
thermionic amplifier operates. 

It is important to note that the thermionic amplifier operates under 
the condition characterized by the circumstances that the applied voltage 
is not sufficiently high to give the saturation current. 
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III. Errect oF REsIDUAL GAS ON THE CHARACTERISTIC. 


In the theory to be set forth in the following, it is assumed, as stated 
above, that the amplifier operates under the conditions that no appre- 
ciable ionization by collision takes place. 

In order to see under what circumstances this condition can be ob- 
tained, we have to consider the possible means by which gas can influence 
the discharge and the means whereby gases occluded in the electrodes 
and walls of the containing vessel are liberated and so brought into a 
state in which they can influence the discharge. 
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In the first place the presence of gas in the space between cathode and 
anode will, when the applied voltage exceeds a small value, produce the 
well-known phenomenon of ionization by collision. This effect, which 
we shall call the volume effect, alone causes an increase in the number of 
electrons arriving at the anode, and thus increase the current. 

Secondly, the occlusion of gas in the surface of the cathode can cause 
either an increase or a decrease in the number of electrons emitted from 
the cathode. This we can refer to as the surface effect. Thus hydrogen 
occluded in a platinum cathode causes an increase in the number of 
emitted electrons, while oxygen occluded in a lime-covered cathode 
decreases the number of emitted electrons. Since the number of electrons 
emitted from the cathode is measured by the saturation current (AB, 
Fig. 2), the surface effect influences the saturation current. 

The third effect to be considered is the liberation of gas occluded in 
the anode and walls of the vessel, due to the rise in temperature occasioned 

by the dissipation of energy in 

ff the device. If the electrodes 
o.* and walls of the vessel are not 
well denuded of gases by heat- 
ing during evacuation but the 
device be otherwise evacuated 
to such a degree that the 
amount of gas in the space is 
not sufficient to cause an ap- 
preciable volume effect, the 
heating caused by the operation 
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° ¥2 x, of the device can, if the applied 
Anode Voltage voltage is high enough, cause 
Fig. 4. the liberation of so much gas 


that ionization by collision be- 
comes appreciable and thus unduly increase the current. The voltage 
and current at which such an undue increase in current occurs depends, 
of course, on the extent to which the electrodes and walls have been 
denuded of gases during evacuation. 

Referring to Fig. 4, let the curve OB represent the relation between 
current and applied voltage for a definite temperature of the cathode 
when the vacuum is supposed to be perfect and the electrodes and walls 
are completely denuded of gas. Suppose, now, that the tube contains a 
small amount of gas and that the electrodes are not completely denuded. 
If we suppose that the occluded gas and the gas in the space are of such 
nature as not to affect the emission of electrons from the cathode, the 
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curve OD will be obtained. When the applied voltage becomes equal to 
the ionization voltage of the gas (of the order of 10 volts), collision ioniza- 
tion sets in, thus increasing the current over that obtained in a perfect 
vacuum. In view of the small amount of gas that we have supposed to 
be in the space, this increase in current is inappreciable. As is well 
known, collision ionization will be inappreciable if the pressure of the 
gas is such that the distance between the electrodes is small compared 
with the mean free path of the electrons in the gas. As the voltage is 
further increased the rise in temperature of the anode due to the bom- 
bardment by the electrons liberates more and more gas, thus causing a 
further increase in ionization by collision. At C so much gas may be 
liberated that a very appreciable increase in current occurs. For a 
higher initial pressure and more occluded gas a curve such as OE may 
be obtained. 

When ionization by collision becomes appreciable the device is erratic 
in its behavior, and a reproduction of the curves is well-nigh impossible, 
once the voltage has been increased beyond the dotted portions indicated 
in Fig. 4. The curves in Fig. 4 are therefore merely intended to illustrate 
the points under consideration. Taking the perfect vacuum curve OB, 
we see that the device must always be operated (when used as an ampli- 
fier) within the voltage limits O to V;. Obviously the device with a 
small amount of gas, viz., that to which the curve OCD applies, can also 
be operated between the voltage limits O to V;. In the third case the 
applied voltage should not exceed the limits O to Vs. 

This brings out an important point; namely, that a device with an 
appreciable amount of gas can be operated under such conditions that 
its characteristic curve over the operating range of voltage is practically 
the same as that of a hypothetical device with perfect vacuum. But 
it is seen that, if a steady and reproducible discharge is to be obtained 
the presence of gas limits the operating range of applied voltage and thus 
also limits the power that can be obtained from the device.! The power 
limitation of the thermionic amplifier is also due to other important 
factors involving the structure of the device. These will be discussed 
later. 


IV. ACTION OF THE AUXILIARY ELECTRODE. 


So far we have considered the case of a simple thermionic device 
consisting of a cathode and anode. When a third electrode is added to 
the system, the matter becomes more complicated. 

1 The operating range of voltages given above are those defined by Dr. Arnold in 1912 
as the necessary range for satisfactory operation of the tube as a telephone relay. Since, in 


such case, the current is carried almost entirely by electrons, he independently derived and 
applied the 3/2-power equation (2). 
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The insertion of a third electrode to control the current between 
cathode and anode is due to DeForest.! DeForest later gave the auxiliary 
electrode the form of a grid placed between cathode and anode.2 About 
the same time von Baeyer* used an auxiliary electrode in the form of a 
wire gauze to control thermionic discharge. The gauze was placed be- 
tween the thermionic cathode and the anode. 

The quantitative effect of the auxiliary electrode was first given by 
the present writer.‘ 

To get an idea of the effect of the auxiliary electrode consider the circuit 
shown in Fig.5. F denotes the cathode, P the anode, and G the auxiliary 
electrode which is in the form of a grid between Fand P. Let the poten- 
tial of F be zero, and that of P be maintained positive by the battery E, 
and let E, for the present be zero. Now, although there is no potential 

difference between F and G, the electric 

- Asp field between F and G is not zero, but 

has a finite value which depends upon 

™ R the potential of P. This is due to the 

fact that the potential of P causes a stray 

field to act through the openings of the 

7) grid. If the potential of P be E, the 

Fic. 5. field at a point near F is equal to the 

field which would be sustained at that 

point if a potential difference equal to yE, were applied directly between 

F and an imaginary plane coincident with the plane of G, where y is a 

constant which depends on the mesh and position of the grid. If the 

grid is of very fine mesh y is nearly zero, and if the grid be removed— 
that is, if we have the case of a simple valve—y is equal to unity. 

These results can be expressed by the following equation: 


(5) E, = vE, + «. 


Here ¢ is a small quantity which depends upon a number of factors, 
such as the contact potential difference between cathode and grid and 
the power developed in the filament, which is the usual form of cathode 
used. It is generally of the order of a volt and can be neglected when it 
is small compared with yE,. Obviously the current between anode 
and cathode depends on the value of E,. 








1 DeForest. U.S. Patent No. 841,387, 1907. 

2 DeForest, U. S. Patent No. 879,532, 1908. 

3 yon Baeyer, Verh. d. D. Phys. Ges., 7, 109, 1908. 

4H. J. van der Bijl, Verh. d. D. Phys. Ges., May, 1913, p. 338. In these experiments 
which were also performed under such conditions that the current was carried almost entirely 
by electrons, the source of electrons was a zinc plate subjected to the action of ultra-violet 
rays. It is obvious that the action of the auxiliary electrode is independent of the nature 
of the electron source. Hence the results then found apply also to the present case. 
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Now, suppose a potential E,.be applied directly to the grid G, the 
cathode F remaining at zero potential. The current is now a function 
of both E, and E,: 


(6) I= &(E,, E.). 


Before determining the form of this function, let us consider in a 
general way how the current is affected by E, and E,. We have seen 
that E, is due to the voltage E, between anode and cathode, and is less 
than E, if the grid is between anode and cathode, since in this case ¥ is 
always less than unity. Under the influence of E, the electrons are 
drawn through the openings of the grid and are thrown on to the anode 
by the strong field existing between grid and anode. The effect of EZ, on 
the motion of the electrons between F and G is similar to that of E,. 
Whether or not electrons will be drawn away from the cathode depends 
on the resultant value of E, and E,. If E, + E, is positive, electrons 
will flow away from the cathode, and if E, + E, is zero or negative, 
all the emitted electrons will be returned to the cathode, and the cur- 
rent through the tube will be reduced to zero. Now, E, + E, will be 
positive (1) when E, is positive (E, is always positive), and (2) if E£, is 
negative and less than E,. 

1. When E, is positive some of the electrons moving toward the grid 
are drawn to the grid, while the rest are drawn through the openings of 
the grid to the anode under the influence of E,. The relative number of 
electrons going through and to the grid depends upon the mesh of the 
grid, diameter of the grid wire, and the relative values of E, and £,. 
When, for example, E, is large compared with E., the number of electrons 
going to the grid is comparatively small, but for any fixed value of E, 
the current to the grid increases rapidly with increase in E,. Hence for 
positive values of E, current will be established in the circuit FGE,, 
Fig. 5. 

2. If, however, E, is negative and less than E,, as was the case in the 
above named experiments of the writer, nearly all the electrons drawn 
away from the filament pass to the plate, practically none going to the 
grid. In this case the resistance of the circuit FGE, is infinite. 

If, now, an alternating E.M.F. be impressed upon the grid so that the 
grid becomes alternately positive and negative with respect to the 
cathode, the resistance of the circuit FGE., which may be referred to as 
the input circuit, will be infinite for the negative half cycle and finite 
and variable for the positive half cycle. If, on the other hand, the alter- 
nating E.M.F. be superimposed upon the negative value, E., the values 
of these voltages being so chosen that the resultant potential of the grid 
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is always negative with respect to the cathode, the impedance of the 
input circuit is always infinite. 

Broadly speaking, the operation of the thermionic amplifier is as 
follows: The current to the anode we have seen is a function of E, and E,, 
or keeping the potential Ez of the anode constant, the current for any 
particular structure of the device is a function only of the potential 
on the grid. Hence, if the oscillations to be repeated are impressed upon 
the input circuit, variations in potential difference are set up between 
cathode and grid, and these cause variations in the current in the circuit 
FPR, the power developed in the load R being greater than that fed into 
the input circuit. It is seen then that the device functions broadly as a 
relay in that variations in one circuit set up amplified variations in another 
circuit unilaterally coupled with the former. 


V. THE CURRENT-VOLTAGE CHARACTERISTIC OF THE THERMIONIC 
AMPLIFIER. 


It is of importance in deriving the equations for the power amplifica- 
tion, etc., to obtain the correct relation between the current in the output 
circuit of the amplifier and the voltages applied to the grid and anode. 
The current is, as we have seen, a function of both E, and E., where E, 
depends upon the voltage between cathode and anode, the structure of 
the grid, and the distance between the grid and anode. 

In the amplifier under consideration, the cathode is not an equi- 
potential surface, but consists of a filament which is heated by passing 
an electric current through it. A theoretical deduction of the relation 
between the current to the anode and the applied voltages between 
filament and grid and filament and anode is difficult and leads to very 
complicated expressions. I have therefore found it more practical to 
determine the characteristic empirically, and found as the result of a 
large number of careful experiments that the characteristic can be 
represented with sufficient accuracy by the following equation: 


(7) I = aE, + E.)’, 
where a is a constant depending on the structure of the device.! 
With the help of equation (5) this becomes: 
(8) I = a(yEg + E, + ©)’. 
This gives the current to the anode as a function of the potentials on 
the anode and grid, the potential of the filament being zero. If a num- 


1 This equation is sufficiently accurate when the device is used as an amplifier. When the 
device is operated as a detector a more accurate equation, which I hope to publish in the future, 
must be used. This is necessary since the detecting action of the device is a function of the 
second derivative of the characteristic. 
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ber of voltages be impressed upon the grid and anode, we have generally 
(9) I = a(yZEg + ZTE, + €)’. 


If, for example, an alternating E.M.F., e sin pt be superimposed upon 
the grid-voltage, E., the equation becomes: 


(10) I = a(vyEg + E. + e sin pt + €)?. 


It must be understood that equation (8) gives the direct current char- 
acteristic of the device itself; that is, Eg in equation (8) is the voltage 
directly between the filament and the anode P (Fig. 5). Ifthe resistance . 
R be zero, Ez is always equal to E, the voltage of the battery in the circuit 
EPRE, which is constant. If R be not zero, the potential difference 
established between the ends of R by the current flowing in it makes Ez, 
a function of the current. The effect 
of the resistance R on the character- 
istic will be explained later. For the 
present we shall confine ourselves to 
a discussion of the characteristic of 
the amplifier itself. This character- 





istic can always be obtained experi- 
mentally by making R equal to zero 
and using an ammeter in the circuit 
FPER (Fig. 5), the resistance of 
which is small compared with the in- 
ternal output resistance of the ampli- 
fier itself. 
A graphical representation of equa- 
tion (8) is givenin Fig.6. The curves Fig. 6. 
give the current to the anode as a 
function of the grid voltage E. for different values of the perameter, Ez. 
Referring to equation (8) and Fig. 6, we see that the current is finite 
for negative values of the grid voltage E., and is only reduced to zero when 


E. = = (yEp + €). 
Differentiating J (equation 8), first with respect to Eg, keeping E, 
constant, and then with respect to E., keeping Eg constant, we get: 
ol 


Plate Currant 

















(11) JER — 2ay(vEs + E. + €) - Q, 
Sw table + & =S 
(12) aE, = 2a(yEzg + E.+ 6) =S. 


Hence 


(13) 


= y = constant, 


Q 
S 
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from which it follows that for equivalent values of Ez, and E., a change 
in the anode voltage Eg produces vy times as great a change in the current 
to the anode as an equal change in the grid voltage E.. 

The output impedance of the tube is obtained from the admittance 


K which is given by 
sf? a 
K = =f aEp dt, 


or putting in the value of d//dEg from (11): 
K = xf 2ay(y Ep + E. +e +e sin pt)dt. 
= 0 


It is seen that 0J/0Eg is not constant but depends upon the instan- 
taneous value of the input voltage e sin pt. This is also obvious since 
the characteristic is curved. The admittance and impedance, however, 
are independent of the input voltage, as is seen readily by integrating 
the expression for K: 

I I 
4) Ko = K ~ 2av(yEs + Ee +6)" 





Comparing this with equation (11), it is seen that the impedance can 
readily be obtained by taking the slope of the characteristic at a point 
corresponding to the D.C. values Eg and E, at which it is desired to 
operate the tube. 

Equation (14) can be expressed in a more convenient form by multi- 
plying numerator and denominator of (14) by (yEg + E. + «): 


” vyEp + E. +e 
°  2ay(vyEg + E. + ©)?’ 


which, with the help of equation (8) becomes 
seal Eg + bo(E. + €) 





(15) Ro = 2I ’ 
where 
I 
16 ‘ =-, 
(16) wo = 


We shall see that wo is the maximum voltage amplification obtainable 
from the device. 

Comparing (14) with (11) it is seen that Ro = 1/Q and therefore from 
(13) and (16) the slope of the J, E.-curve is given by 


(13a) = Ro 


This constant is very important. It will be shown later that the quality 
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of the device is determined by the value of S, that is, the slope of the 
curve giving the current to the plate as a function of the grid voltage. 


VI. EXPERIMENTAL VERIFICATION OF THE CHARACTERISTIC EQUATION. 


In order to experimentally verify equation (8) it is necessary to know 
the values of the constants y and e. Both these constants can be deter- 
mined by methods which do not depend on the exponent of the equation. 
The linear stray field relation 


(4) E, _ vyEs + €, 


which is involved in equation (8) is also independent of the exponent. 
The constants y and e can be determined and the relation (4) tested as 
follows: 

Let us assume an arbitrary exponent 8 for equation (8) 


(8a) =a(yEz; + E.+6)*, 
Taking the general case in which both Ez and E, are variable, we have: 


dI__ al dE, , aI 
dE, dE, dE, ' dE." 


Now 
ol P 
oz,” aBy(yEsg + E. + €)*—, 
or 
aE = O8(vEs + Ee + 6). 
Hence 


dI dE 
dE, ~ P(vEs + E. + ot (+ I ) 
Now, let J be constant, then either 


vyEzp + E. +¢€ = 0, 


1. €.; 
(18) — Ie = vyEp a €= es 
or 
dEp ee IT 
dE. = ¥ 
Integrating and putting 1/y equal to uo, we get 
(19) E,’ aca Ex + MoE... 


Equations (18) and (19) are therefore independent of the exponent 
of (8). Equation (18) gives the case in which the current has the 
constant value zero. It shows that E, in equation (4) is simply the 
absolute value of the grid potential E., which suffices to reduce the current 
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to the anode to zero when the anode has a potential Ez. (The potentials 
are referred to that of the filament which is always grounded.) Referring 
to Fig. (6), we see that equation (18) gives the relation between the inter- 
cepts of the curves on the axis of the grid potential EZ. and the correspond- 


ing values of the anode potentials E,.! 
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Fig. 7. 


In Fig. 7 are given some results obtained with a thermionic amplifier. 
The corresponding observations are given in Section A of Table I. 
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The factor wo, which plays a very important part in the theory of 
operation of the thermionic amplifier, can be more easily and accurately 


1 This is the method which I used several years ago to test the linear stray field relation (4). 
The accuracy with which this relation is obeyed is seen from Figs. 3 and 5 of my above 


mentioned publication. 
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determined with the help of equation (19), which gives the relation 
between the anode and grid potentials necessary to maintain the current 
at some convenient constant value. In Sections B and C of Table I. 
are given results obtained by applying various potentials, Ez, to the 
anode, and each time adjusting the grid potential, E., so as to keep the 
current to the anode constant. The results give a perfectly linear rela- 
tion between Ez and E,, as is shown by Fig. 8. The values of uo given 
in the first column of Table I. were obtained from the slope of the Ez, 
E.-curve, in accordance with equation (19). 


TABLE I. 
Ep (Volts). E,. (Volts). 
Pa ee 8 ee 28.2 — 6.0 
I=0, 38.2 - 80 
wo = 5. 50.2 — 10.6 
59.2 —12.6 
Se ene 59.5 +3 
I = 4.107% amp., 69.5 +1 
po = 5.1. 81.0 — 1.2 
90.0 — 3.0 
100.0 — 5.0 
Cy Fi Bee Bs bee eae ceva 830 0.0 
I = 60.10-* amp., 905 0.31 
vo = 241. 950 — 0.48 
1,025 — 0.80 
1,070 — 0.98 
1,140 — 1.28 
1,200 — 1.54 
1,275 — 1.85 
1,350 — 2.15 
1,420 — 2.45 
1,491 — 2.75 


Another method of determining yo is with the help of equation (13): 


Q I 

(13) yr ees. 

S is the slope of the curve which gives the current to the anode as a 
function of the grid potential, and Q is the slope of the curve which 
gives the current as a function of the potential of the anode. Since 
both of these slopes depend upon the anode and grid potentials Eg and 
E,., they must be measured for the same values of Eg and £,. This 
method gives quite reliable values of uo, but is not as convenient as the 
one explained above. 
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The fundamental equation (8) was now tested as follows: 

A convenient negative potential was applied to the grid and kept 
constant, while the current to the anode was observed for different 
anode potentials, the potential of the filament remaining zero. The grid 
being negative with respect to the filament, no current could be estab- 
lished in the filament-grid circuit. The current to the anode was observed 
by means of an ammeter placed in the circuit FPE, Fig. 5. There was 
no resistance in the circuit except that of the ammeter, and this was 
small compared with the internal output resistance of the amplifier, 
so that the voltage of the battery E was always equal to Ez, the voltage 
between the filament and anode. The observed relative values of current 
and voltage therefore gave the true characteristic of the amplifier itself. 
From the curve giving the current as a function of the anode potential, 
the value of the anode potential could be determined, for which the 
current was reduced to zero. This potential, of course, depends upon 
that of the grid. Hence, putting J equal to zero in equation (8), we get 

vEz + E.+¢€=0 


or since 
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Now, po could be measured independently by the method explained 
above; hence e could be determined. 
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Fig. 9 shows a typical characteristic of the thermionic amplifier. In 
this case, the grid was kept 5 volts negative with respect to the filament. 
With the known values of yo and e, the current J could be plotted against 
the expression 


\2 
(20) (e+ B +6) 
Mo 
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for arbitrary values of Eg when £, is kept constant, or for arbitrary 
values of E, when Ez is kept constant. 

In Table If. are given the results of a few differently constructed 
amplifiers. 





TABLE II. 
Ep (Volts).. 7 (Amp.). ( EB E.+ .). 
| _ — oo By a 
E. = — 5 volts, 400 0.44-1073 5.3 
wo = 43, 500 | 15“ | 21.2 
e=—2. 600 | 31“ | 47.6 
650 | 405 “ 65.6 
E, = — 20 volts, 140 1.05- 10-3 39.7 
uo = 6, | 160 | 2s « | 94.0 
e = 3. 180 | 465 “ 177 
200 7.05 “ 266 
210 | 84 “ 324 
E, = —12 volts, 160 | 056-1073 12.2 
wo = 11, 200 | 24 51.8 
e = 1. 220 a «| 81 
240 5.25 “ 117 


20 2 2=6C | 69 151 
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Fig. 10 which gives the current J as a function of the expression (20) 
shows the accuracy with which equation (8) is obeyed. The agreement 
was as good in the case of a tube which was specially constructed to test 
the parabolic relation between current and voltage up to higher voltages. 
This tube had a short filament, about 2.5 cm. long, and a circular plate 
as anode 2.5 cm. in diameter, and placed at a distance of 2 cm. from the 
filament. The auxiliary electrode consisted of a fine wire gauze placed 
between filament and anode at a distance of 6 mm. from the filament. 
The grid had a constant negative potential equal toe. Hence, in Fig. 11 
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is obeyed. 


input. 


which shows the results obtained with this tube, the current was plotted 
simply as a function of the anode potential Ez. The straight line gives 
the current as a function of E,?. It is seen that the parabolic relation 


These curves were of course obtained after taking every precaution 
to evacuate the tubes to such an extent that under the conditions of 
operation there was no appreciable ionization by collision of the residual 
gas. For this purpose it is necessary to make use of the well-known 
methods of denuding the metallic parts in the tube and the glass walls 
of the tube itself by heating during evacuation. 


VII. CHARACTERISTIC OF CIRCUIT CONTAINING THERMIONIC AMPLIFIER 
AND OHMIC RESISTANCE IN SERIES. 


In discussing the behavior of the thermionic amplifier in an alternating 
current circuit, we shall make two assumptions: 

First. The alternating current established in the circuit FPER (Fig. 
5) is a linear function of the voltage impressed upon the input circuit 
FGE,. This implies that the power amplification is independent of the 
This is the condition for an ideal amplifier. 


BoCO VOLTS 
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Second. The thermionic amplifier shows no reactance effect. This 
implies that if the amplifier be inserted in a non-inductive circuit, the 
power amplification produced is independent of the frequency. 

No proof is needed to establish the validity of the second assumption. 
The first is, however, not true except under certain conditions, and it 
remains to determine these conditions and operate the amplifier so that 
they are satisfied. Let the external resistance of the output circuit FPE 
(Fig. 5) be zero, and the resistance of the current-measuring device 
negligibly small compared with the internal output resistance of the 
amplifier itself. Under these circumstances Eg, which denotes the 
potential difference between filament and anode, is independent of the 
current in the circuit FPE, and always equal to the voltage E of the bat- 
tery in the circuit. Hence, if the current be plotted as a function of E., 
the potential difference between filament and grid, the parabola given by 
equation (8) and Fig. 6 is obtained. If, now, the potential of the grid 
be varied about the value E, equal to cf (Fig. 6), it is obvious from the 
curve that the increase, ab, in current to the anode due to a decrease, oa, 
in the negative potential of the grid is greater than the decrease a’b’ 
in current caused by an equal increase, oa’, in the negative grid potential. 
In this case, the output current consists of the following parts: Let 
the alternating input voltage superimposed upon £, be e sin pt; then 


(10) In = a(vyEg + E. +e + sin pt)?. 
Expanding this we get 
Ip = a(vyEp a E. a €)? a 2a(vyEz oe E. oe €) é sin pt 


21) 2 2 
( + < cos (2 +n) tS. 


The first term represents the steady direct current maintained by the 
constant voltages Ez and E, when the input voltage e is zero (equation 8). 
The second term gives the alternating output current oscillating about 
the value of direct current given by (8). It is in phase with and has the 
same frequency as the input voltage. When using the device as an 
amplifier, this is the only useful current we need to consider. The first 
harmonic represented by the third term is present, as was to be expected 
in virtue of the parabolic characteristic. The last term, which is pro- 
portional to the square of the input voltage, represents the change in the 
D.C. component due to the alternating input voltage, and is the only 
effective current when using the device as a wireless wave detector. If 
a direct current meter were inserted in the output circuit, it would show 
a current which is greater than that given by equation (8) by an amount 
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equal to ae?/2, the last term of equation (21). This is the state of 
matters when the device works into a negligibly small resistance. 

If, on the other hand, the output circuit contains an appreciable 
resistance,' R, the voltage Ez, between filament and plate is not constant, 
but is a function of the current, and an increase in the current due to an 
increase in the grid potential sets up a potential drop in the resistance R, 
with the result that Ez decreases, since the battery voltage E is constant. 
Ez is now given by 
(22) Ez = E — RI. 


In order to obtain the characteristic of the circuit containing the tube 
and a resistance R, let us substitute (22) in (10): 


In = aly(E — RI + E. +e + e sin pt}? 
and put yE+ E.+e¢e«= V. This gives 
5 + sey R(V + 0sin 9) - Vi tae boca 
2ay*R? ° 








(23) Jo= 
This expression can be expanded into a Fourier series: 


(1 + 2a7yRV — vi + 4ayRV 





I  « 
mane = (: “tito Rr) yk on 
(— 1)*+2" |(2n —I1)a*y* 1 R*—len+! sin™+! pt 

| + tr + gayRVHE 

From this it is seen that the rate of convergence of the series increases 
as R is increased. Actual computations show that when the tube is 
made to work into an impedance equal to or greater than that of the 
tube the harmonic terms become negligibly small compared with the 
second term of (24), which is the only useful term when using the tube 
as an amplifier, so that we can assume that the amplification is inde- 
pendent of the input voltage.” 


. 





1 The insertion of a suitable resistance in the output circuit to straighten out the char- 
acteristic and so reduce distortion was, I believe, first suggested by Dr. Arnold, who also 
showed experimentally that distortion is almost negligible when the external resistance is 
equal to the impedance of the tube. 

2In this connection I want to point out that although the parabolic relation used here 
represents the characteristic of the tube with sufficient accuracy when using the tube as an 
amplifier, and indeed with quite a good degree of accuracy, as shown by the experimental 
curves, yet the approximation is not close enough to accurately represent the second and higher 
derivatives of the characteristic, and therefore too much reliance should not be placed on 
the actual values of the several harmonic terms represented by the last term of equation (24). 
This equation is merely intended to show, as it does, in a general way how the insertion of a 
resistance in the output circuit of the tube tends to straighten out the characteristic. 
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When the tube works into a large external resistance it can show a 
blocking or choking effect on the current. This is seen from the follow- 
ing: The voltage Eg which is effective in drawing electrons through the 
grid to the anode is given by equation (22). If now the current be in- 
creased, not by increasing the electromotive force in the circuit FPR 
(Fig. 5), but by increasing the potential difference between filament and 
grid, the current J increases, while E, the electromotive force in the plate 
circuit, remains constant, from which it follows that Eg must decrease 
while E,, the grid voltage, increases. The result of this is that more 
electrons that otherwise would have come through the grid to the anode 
are now drawn to the grid. If the input voltage becomes large enough 
the anode circuit FPR may be robbed of so many of its electrons that 
no further increase in current in the anode circuit results no matter how 
much the grid voltage is increased. Under these conditions equation 
(24) does not apply. Its application is limited to the conditions stated 
by equations (25) and (26). 

Even if the series represented by the last term of equation (24) were 
zero, distortionless transmission can only be obtained if the input voltage 
is kept within certain limits. 

Let the input voltage, e sin fg, be superimposed upon the negative grid 
voltage, E, (Fig. 6). Theoretically speaking, one condition of operation 
is that the grid should never become so much positive with respect to 
the filament that it takes appreciable current, for if this happens the 
current established in the grid circuit would lower the input voltage, 
and therefore the amplification. In actual practice the extent to which 
the grid can become positive before taking appreciable current depends 
upon the value of the plate voltage and the structure of the tube. We 
can therefore state that a condition for distortionless transmission is 
e < |E.| + |g], where g is the positive voltage which the grid can 
acquire without taking enough current to cause distortion. Another 
condition is that the input voltage must not exceed the value given by df 
(Fig. 6); otherwise the negative peaks of the output current wave will 
be chopped off. Now cd is given by yEg +e. This is obtained by 
equating the current J to zero in equation (8). We therefore have the 
conditions 
ais le S$ |E.| + lel, 

\¢ S |vEs+e| — |E.|, 


or when the tube is working at full capacity—that is, when operating 
over the whole curve, 


(26) e= |E.| + |g| = |yEs +e| — |E.|. 
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VIII. AMPLIFICATION EQUATIONS OF THE THERMIONIC AMPLIFIER. 


On the strength of the two assumptions discussed in the previous 
paragraph, namely, that the amplification is independent of the input 
and the frequency, it is possible to derive the equations of amplification 
in avery simple way. Referring to Fig. 5, let the current in the external 
resistance R be varied by variations produced in the grid potential, E,. 
Then, as was shown in the last paragraph, Ez, is also a variable depending 
on the current J, as shown by 


(22) E; =E-— RI, 


where E is the constant voltage of the battery in the output circuit 


FPER. Hence 
I = &(Ez, E.), 
from which 
dI Ol dE, . al 


dE,~ aE; dE. dE.’ 





This gives the variation of current in R as a function of the variation in 
the grid voltage. 
Substituting from (11) and (12), 
= = 2a(yEs + E. + €) Caer +I ) ’ 
that is, 
dl 2a(v¥En + Ee +8) 
dE, 1+2ayR(yE-+£E.+ 6° 





Multiplying throughout by R, and putting y = 1/uo we obtain by a 
simple transformation 








(27) a= = na 
7 dE, Ep + uol(E. + €)* 
R+ 2I 


Now, R-dI is the voltage change set up in the resistance R, and dE, is 
the change in the input voltage. Hence equation (27) gives the voltage 
amplification produced by the device, which we shall call uw. Further- 
more, it follows from paragraph V. that the output impedance of the 
amplifier is given by 
(15) Ry = eet 


Hence the voltage amplification yu is given by 


MoR 


(28) MRR’ 
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From this equation it is seen that the voltage amplification asymp- 
totically approaches a finite value yo, which is attained when the external 
resistance R becomes infinitely large compared with the output impedance 
of the amplifier. 

In order to find the power amplification it is necessary to know the 
input impedance of the amplifier; that is, the impedance of the circuit 
FGE, (Fig. 5). Now, the amplifier is operated, as was stated above, 
under such conditions that no current is established in the circuit FGE,. 
The impedance of this circuit is therefore infinite, and the power de- 
veloped in it is indeterminate. 

In order to give the input circuit a definite constant resistance, Mr. 
Arnold suggested shunting the filament and grid with a high resistance. 
This can be considered as the input resistance R; of the amplifier. The 
input voltage is that developed between the ends of this shunt resistance. 

If, now, e and e; represent the voltages established between the ends 
of the output and input resistances R and R; respectively, the power 
developed in Rand R;is e?/R and e?/R;. Hence the power amplification is 





- ER: - » Ri 
7 e?2R = - R ’ 
which, with the help of (28), becomes 
_ bo RR 
wad ~(R+ RF 


The amplification is therefore a maximum when R is equal to Ro. 
The power developed in R is 
2 7R 
(30) De Moe 


(R+ Ro)?’ 


from which it follows, as was to be expected, that the power in R is a 
maximum when the external output resistance R is equal to the output 
impedance Ro of the tube. 

It is readily seen that the current amplification is given by 


oR; 
(31) t= ee x 


from which it follows that the current amplification asymptotically 
approaches zero as R is increased, the maximum current amplification 
being obtained when R becomes infinitely small compared with Ro. 

Putting R = Ro in (29) and R = o in (31) and remembering that the 
slope of the curve giving the relation between plate current and grid 
voltage is given by 





.~ 
r—) 


(13a) S= 


x 
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we get for the maximum energy amplification 


; oR; 

(290) (ut .», 
4 

and for the maximum current amplification 

(31a) t= R;-S. 


These equations show the important part played by the slope S of 
the curve giving plate current as a function of the grid voltage. The 
factor S is equally important in the operation of the tube as oscillation 
generator and detector. 


IX. EXPERIMENTAL VERIFICATION OF AMPLIFICATION EQUATIONS. 


We shall now describe some experiments that were performed to test 
the equations derived in the previous paragraph. 

In order to satisfactorily make these measurements, a special circuit 
had to be used. The reasons for this can be gathered from the following. 
In accordance with the views expressed in the previous paragraphs, the 
grid was kept E, volts negative with respect to the filament by a battery 
C inserted in the filament-grid circuit (Fig. 12), and an alternating voltage 
e sin pt was superimposed upon E,, while the anode was kept positive 
with respect to the filament by the battery B,, the filament being 
grounded. Care was taken to keep the maximum value e of the input 
voltage within the limits given by equation (25). 

The current in the output circuit is given by equation (24). In 
deriving the amplification equations in the previous paragraph, we have 
assumed that the last term of equation (24) is zero. If e sin pt is also 
zero, the current in the output circuit is not zero, but has a finite constant 
value, given by the first term of equation (24). For finite values of 
e sin pt, the resulting alternating current established in the output circuit 
which is to be measured can not be separated in the usual way from 
this direct current, with the help of appropriate inductances and capaci- 
ties, since then the amplification would be largely determined by the 
constants of the circuit. On the other hand, it is not possible to simply 
make the amplifier work into a straight non-inductive resistance alone, 
since the direct current that would flow through the galvanometer (which 
must necessarily be in series with such resistance) is in most cases large 
compared with the output alternating current, due to the input, so that 
a galvanometer which would be capable of carrying the direct current 
would not be sensitive enough to measure the output alternating current 
with any degree of accuracy. 
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To overcome this, the circuit shown in Fig. 12 was used. The output 
circuit was closed through the non-inductive resistances R and R’. 
These were straight wires stretched upon a board. Parallel to R’ was 
shunted a sensitive A.C. galvanometer, Ge, and a balancing battery Be. 
This battery was so adjusted that when the input was zero, that is, when 


— 
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only the direct current was established in the circuit FPRR’, the current 
in the galvanometer Gz was zero. The resistance R’ was large compared 
with that of the galvanometer, G2; hence when the input was on prac- 
tically all the output alternating current went through the galvanometer 
Gz and could then be easily measured. It is obvious that the effective 
external output resistance in this case was given by R. The input was 
varied with the help of the resist- 
ances 7; and 72, and measured with 
the galvanometer G;. The whole = 25 yous 
system was carefully shielded, and Y/Y 
care was taken to avoid any effects 
due to mutual and shunt capacity 
of the leads and resistances. 

With these precautions, the am- , 
plification was found to be inde- 
pendent of the input and thefre- »> 
quency, which justifies the assump- p ire. 
tions made in deriving the amplifi- ? 3 2 Svoits 
cation equations. The voltage was Fig. 13. 
varied from a few hundredths of a 
volt to several volts, while the frequency ranged from 200 to 350,000 
cycles per second. 

Fig. 13 gives the output voltage (that is, the voltage between the ends 
of the external resistance R) as a function of the input voltage, the 
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frequency being 1,000 cycles per second. The linear relation between the 
two shows that the voltage amplification is independent of the input 
voltage; hence also the power amplification must be independent of the 
input power. 

In the following table is given the voltage amplification yu obtained 
for various frequencies. 


Me Frequency. 
ET eR As i, Si bira So Gt hearth PMs debs aa aE ca Na 2,500 
AS Un cee aR Sn er RP eA ee 2,000 
OR ee ial Anta b is sos Saphir aoes ta RO 1,500 
I ashe coicscta cia pha Sxd acs Staaten a eared wi oe VR SE 1,000 
Pa 5s oie A tie citeararpsbee icra ani adil. SE ae 500 
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The mean of these values for wis 5.0. The value of uo for this amplifier 
was found by equation (19) to be 10.2. Under the conditions of the 
experiment, the internal output impedance Rp of the amplifier as deter- 
mined by the direct current methods explained in paragraph V. was 
14,800 ohms. The external resistance R was 15,000 ohms. Hence with 
these values of Ro and R, the voltage amplification yu as calculated from 
equation (28) is 5.1, which is in good agreement with the directly meas- 
ured value, 5.0. 
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Fig. 14. Fig. 15. 
Mo = 10.2, input = 3.55 volts. mv = 10.2, input = 0.45 volt. 


As a further test of equation (28), the voltage amplification u was 
determined for various values of the external output resistance R (Fig. 
12), and the accuracy with which equation (28) holds can be seen from 
Figs. 14 and 15, which give the results for two different values of the 
input voltage (0.45 and 3.55 volts). The circles show the observed 
values, while the curves were calculated from equation (28). The ex- 
ternal resistance R is plotted in terms of the internal output impedance 
Ro of the amplifier. Now Ro depends on the direct current J, that is, 
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upon the voltage Eg between filament and anode (equation 15), and this 
voltage depends for constant values of E, the voltage of the battery B, 
(Fig. 12), upon the external resistance R. Hence for the different values 
of R in the experiment, the voltage E of the battery B, was always so 
adjusted as to keep the internal output impedance Rp constant. 

In Fig. 16 is given the A.C. power i?R developed in the external 
resistance R as a function of R. Here, too, the resistance of the amplifier 
was kept constant throughout the experiment. The values of the power 
given here were determined by measuring the output alternating current, 
that is, i9 given by the galvanometer G2. The power developed in the 
external resistance R should be a maximum when R is equal to the 
impedance Ry of the amplifier. From Fig. 16 it is seen that the power 
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Fig. 16. 
































is a maximum for R = 15,000 ohms. The impedance Ro of the amplifier 
given by the direct current method was found to be 14,800. Further- 
more, from Fig. 16 the maximum power is 23.10-* watt. Now in this 
experiment we had 

e; equal to 3.55 volts, 


R equal to 15,000 ohms, 
Ro equal to 14,800 ohms, 


Mo equal to 10.2. 


Hence the power calculated from equation (30) is 22.2-10~* watt, which 
is in good agreement with the observed value. 

Equation (30) does not give the maximum power that can be handled 
by the amplifier, but merely the power developed in R for a given value 
e; of the input voltage. The maximum power is obtained when the input 
voltage has the value given by equation (26). In the case of high power 
amplifiers from which it is desirable to obtain an output power of 100 
watts and more, the construction of the device is such that the grid can 
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be made appreciably positive with respect to the filament without pro- 
ducing distortion, thus increasing the range of the input voltage with a 
consequent increase in the output power. 

By proper choice of the structural parameters, tubes have been 
designed to give voltage or power amplification covering a wide range. 
A voltage amplification of several hundred fold is not difficult to obtain, 
while a power amplification of 3,000 fold was found possible using a plate 
voltage of only about 100 volts. Tubes used as wireless detectors can 
be designed to operate on very low voltages, a very efficient type of 
detector having been made to give satisfactory operation with two volts 
on the filament and a plate voltage of 12 volts and less. 

It is evident from the foregoing that the structure of the device per- 
forms a very important function. On it depend the constants yo and 
Ro which appear in the amplification equations and which are involved 
explicitly and implicitly in the fundamental equation of the character- 
istic (equation 9). Proper structural design manifests many latent 
possibilities of this type of device, and enables us to meet the many 
conditions that must be complied with in order to obtain satisfactory 
operation in its ever increasing number of applications. 

The writer wishes to express his indebtedness to Mr. E. H. Colpitts 
and Mr. H. D. Arnold for valuable advice and kind interest which 
greatly facilitated the work; and to Mr. H. W. Everitt for able assistance 
in carrying out the experiments. 
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ATOMIC HEATS OF TUNGSTEN AND OF CARBON AT 
INCANDESCENT TEMPERATURES. 


By A. G. WORTHING. 


HisTORICAL SURVEY. 


F late years great interest has been manifested in the question of 
atomic heats, particularly at very low temperatures, this interest 
being especially stimulated because of applications of the quantum 
theory which have been made in explaining results. Einstein’ was the 
first to offer a theory on this basis which could be quantitatively tested. 
He assumed the energy of a solid to be entirely due to atomic vibrations, 
having characteristic frequencies, depending on the elastic properties 
and associated with the reststrahlen of infra-red measurements. The 
number of such vibrations, or the number of degrees of freedom, was 
taken as three times the number of atoms in the body. On assigning to 
these degrees of freedom the mean energies of a linear oscillator in accord 
with the quantum hypothesis, he obtained for the atomic heat of a 
substance, 
h?y? 


hv/kT aan e® of 


(1) C, = 3Nk Gear — = 3NkGr— 
in which the various symbols have the meanings usually associated with 
them in quantum theory (see Table I.). At high temperatures C, 
approaches the value 3.Nk in accord with Dulong and Petit’s law. With 
decreasing temperatures the equation leads to lower values and finally to 
zero for T =o0° K. At low temperatures observed variations were 
qualitatively accounted for but not quantitatively. Nernst and Linde- 
mann? followed with an empirical equation much like Einstein’s, which 
quantitatively fitted the data quite well. Later Debye® developed a 
theory which has been extraordinarily successful in predicting values 
for atomic heats. His procedure differed from Einstein’s particularly 
in that he assumed a solid to behave as a continuum having all of, and 
only, the 3N lowest vibration frequencies possible in such an elastic 

1Ann. d. Phys., 22, p. 180, 1907; Wien, Neuere Probleme der theoretischen Physik, 
Chap. II. 

2 Zeit. f. Elektroch., 17, p. 817, I9II. 


3 Ann. d. Phys., 39, p. 789, 1912; Wien, Neuere Probleme der Theoretischen Physik, 
Chap. II. 
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medium. At about the same time Born and Karman! also presented a 
theory differing from Debye’s chiefly in that they assumed a solid to con- 
sist of a space lattice of atoms, with a similarly limited number of fre- 
quencies which were likewise dependent on the elastic properties of the 
medium. Both theories predicted a variation of the atomic heat as the 
third power of the temperature in the neighborhood of-.absolute zero, but 
at somewhat higher temperatures the predicted values deviate from 
each other. In fact the Born and Karman theory, as shown by Born,? at 
the higher temperatures predicts the same results as are expected accord- 
ing to Einstein’s theory. The question as to which theory fits the data 
best in this region is still unsettled. 


TABLE I. 
Quantities and Symbols. 
Symbol. Quantity. 
_« ee eee Atomic heat under constant volume. 
_ eer Atomic heat under constant pressure. 
We suave sue aineieu ais Temperature. 
Mae eatin eo ahaionrsa same Number of atoms per gram-atom. 
pee Number of electrons per gram-atom. 
Po ccscseccscseces cs PCQMRECY Of fadiater. 
: ; Ren ey GeO ATI pe Radiation constants employed in quantum theory. 
Pe eee ee Characteristic temperature. 
_ POOP ESA eee Potential drop along filament. 
| AOE er rete Current through filament. 
| RRA ae = Resistance of filament. 
SE Oe eer Time elapsing after the sudden change in current through the 
filament. 

Re cud dese eee Mass of filament. 
Meikteae chic aes Specific heat under constant pressure. 
an ' EPEN en PE Rate of radiation of energy by the filament. 
Ce Ee eT Pressure. 
| ee ee eee. Atomic volume. 
~ REE oe are 5 Linear thermal expansion coefficient. 
ere Compressibility. 
ee ee Melting-point temperature. 


See Table II. for quantities and symbols relating to Corbino’s method. 


To some extent contesting the application of the quantum theory, 
there is the agglomeration theory of Richarz’s* which was put forth 
somewhat earlier than was Einstein’s. In this theory the variations in 
atomic heat were ascribed to the changes in the number of degrees of 


1 Phys. Zeit., 13, p. 297, 1912; 14, p. 15,1913. See also Thirring, Phys. Zeit., 14, p. 867, 
1913; I5, pp. 127 and 180, 1914. 

2 Ann. d. Phys., 44, p. 605, 1914. 

3 Marl. Ber., p. 61, 1904; p. 187, 1906; Zeit. f. anorg. Chem., 58, p. 356; 59, p. 146, 1908; 
Wigand, Jarh. d. Rad. u. Electro., 10, pp. 68-76, 1913. 
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freedom which came with the associating of two or more atoms into a 
single oscillating unit. Richarz and others' were quite successful in 
explaining qualitatively, in addition to the main variations of atomic 
heat at low temperatures, certain other variations for a given substance 
depending on the allotropic state, the effect of changes in density at a 
given temperature depending on the treatment of the material, the 
changes in going from one substance to another having a different atomic 
volume, etc. Further on this basis Benedicks? and Compton’ have 
attempted quantitative verifications. Their equations, however, depend 
on arbitrary constants. In this respect they differ from the equations 
of Debye and of Born and Karman, which except for the arbitrary con- 
stants of the generally accepted Planck equation, are otherwise free 
from such arbitrary constants. 

There should also be mentioned as more recent theories that by 
Callendar* based on his radiation formula, and that by Tolman® based 
on his theory of similitude. 

At the higher temperatures, these theories, excepting possibly the one 
originated by Tolman, predict the value expected according to the older 
theory of equipartition of energy among the various degrees of freedom. 
For the atomic heat under the condition of a constant volume change 
this is 5.95 — ee _. , that is, three times the gas constant of the 

gram-atom deg. 
kinetic theory. All actual measurements of atomic heat are carried out 
under conditions of constant pressure and it is therefore necessary to 
make a correction for the change to the condition of constant volume. 
This involves the determination of elastic constants, determinations which 
are very difficult under certain conditions as to temperature. After all 
corrections of such a nature have been made, there are found many 
substances which at moderately high temperatures, some even at room 
temperatures, possess greater atomic heats than these theories predict. 
; ; aon _ _ calories 
Suggestions accounting for this increase beyond 5.95 op. atamn Guan. 
not been lacking. However, none of them have been put in such a form 
as to permit of quantitative tests. Exactly what these suggestions are 





have 


1(a) Richarz, l. c. 

(b) Wigand, Ann. d. Phys., 22, p. 64, 1907. 

(c) Schlett, Ann. d. Phys., 26, p. 201, 1908. 

(d) Dewar, Proc. Roy. Soc., 89A, p. 158, 1913. 

(e) Bronsted, Zs. f. Elektrochem., 20, p. 554, 1914; Fort. d. Phys., 70, II, p. 567, 1914. 
2 Ann. d. Phys., 42, p. 133, 1913. 
3 Puys. REV., 6, p. 377, 1915. See a!so criticism by Schwers, Puys. REv., 8, p. 117, 1916. 
4 Phil. Mag., 26, p. 787, 1913; 27, p. 870, I9I4. 
5 Puys. REV., 4, p. 145, I914. 
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will be considered later in discussing the results obtained in the present 
paper. 

Inasmuch as the factors which are active in producing these un- 
expected high values of atomic heat must naturally have some influence 
in the low temperature range, it would seem natural that the finally 
accepted theory must be capable of explaining the facts of the entire 
temperature range. For a more definite test of these theories and 
suggestions, more data at high temperatures are needed. Much work 
at moderately high temperatures has been done. However, at the tem- 
peratures which may be obtained in incandescent lamps very little work 
has been done though at such temperatures the theoretical applications 
would seem to be quite important. Tungsten naturally offers special 
favorable properties convenient for such tests because of its high melting 
point and its relatively low rate of vaporization. Carbon likewise be- 
cause of its high melting point is attractive, but on the whole it is not so 
favorable because of its much greater rate of vaporization. 

In this connection there are to be noted the works of Corbino! and of 
Pirani.2, Corbino developed a method for measuring specific heat at 
high temperatures, which is very ingenious and elegant from the the- 
oretical point of view. Application of the method was made to tungsten 
for the range 1000° K. to 2300° K. However, on the basis of Pirani’s 
previously determined temperature scale for tungsten, very large varia- 
tions occur in his results. From the constancy obtained at the lower 
temperatures he concluded that Pirani’s scale at the higher temperatures 
was in error and was led to propose a new temperature scale for tungsten 
based on an assumed constancy for the atomic heat under constant 
volume for which he used 7.82 —— sorerae , a quantity considerably 

gram-atom deg. 
in excess of the value expected from theory. However, this proposed 
temperature scale is not consistent with what is believed to be, as a 
result of more direct measurements, the true temperature scale. 

Pirani, making use of an oscillograph and noting the rate of change of 
resistance and of temperature with time, determined specific heats for 
temperatures ranging from room temperature to 1400° K. His results, 
while in fair agreement with what might be expected from results at 
room temperature, are considerably scattered and like Corbino’s results, 
lead to considerably higher atomic heats than would naturally have been 
expected. 

At about the same time that Corbino and Pirani were working on 


1 Phys. Zeit., 13, p. 375, 1912. 
2? Vehr. Deut. Phys. Gesell., 14, p. 1037, 1912. 
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their problems, the writer also took up the question of the specific heat 
of tungsten and of carbon making use of a method which will soon be 
described. In trying to check up results then obtained by a slight 
modification of the method first actually used, unexpected variations 
were found. Since then an enormous amount of time has been spent in 
trying to reconcile or explain these results and publication of the results 
has been delayed until the present time. 


METHOD AND APPARATUS. 


Outline of Method.—In general the method has been to operate a 
filament of the material studied in a vacuum and to note how the filament 
performed while passing from one steady state to another in consequence 
of a change in the current passing through it. The fundamental equation, 
based on the conservation of energy, is the following: 


(2) VI = f(T) + com 
The three members of this equation represent respectively the rate of 
supply of energy to the filament, the rate of radiation of energy from the 
filament, and the rate of storing of energy in the filament. The latter 
term may, of course, be positive or negative. Exactly how these quan- 
tities were obtained will be shown later. It is sufficient to say here that 
they were obtained from data on the voltage drop along the filament 
and the current through it as functions of time. Experimentally the 
changes in potential and current were brought about by suddenly 
changing a resistance in series with the filament. Exactly how this 
was accomplished is described in the next paragraph. 

A pparatus.—The apparatus itself is shown diagrammatically in Fig. 1. 
L, represents the lamp containing the filament being studied. In order 
to eliminate the cooling effects occurring at the ends of the filament, 
potential lead wires of very fine tungsten wire have been used as is 
indicated. The switches S; and S2 were electrically operated with the 
aid of a pendulum device not indicated in the figure. 5S, consists essen- 
tially of a block with six mercury cups and a rocking lever at each end 
of which is carried an electrically insulated cross arm. As the rocker 
is thrown back and forth the prongs attached to the cross arms and to 
the ends of the rocker itself are alternately dipped into and pulled out of 
the adjacent mercury cups. An inspection of the figure will show that 
essentially the main circuit through the battery B and the adjustable 
resistance R» is divided into two branches, one of which for one of the 
two positions of the rocker arm contains the lamp L;, and the other of 








, SECOND 
204 A. G. WORTHING. SERIES. 


which contains lamp L2 a lamp of approximately the same characteristics 
as L, (though this is not essential) and the resistance R;. For the other 
position of the rocker arm, one branch contains LZ; and R; while the 
other branch includes Lz only. As the rocker of S; is rocked back and 
forth, R; is shifted from the branch containing L, into the branch con- 
taining Le, and vice versa. It will be readily seen that this permits of 
the passing of the lamp under investigation from one steady state to 
another without at the same time changing the rates of heating in other 
parts of the circuit. The switch S, is composed of a telegraph sounder 
with the arm extended and insulated in such a way that when the arm 
is pulled down, two wires attached to it are thrust into a mercury cup 
and thereby the circuit connecting the galvanometer G to the poten- 
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Fig. 1. 
Diagram of Apparatus. 


tiometer P is closed. Switch S; was manipulated by hand, being thrown 
one way or another as it was desirable to measure voltage or current, for 
which purposes the volt box V and the standard resistance J respectively 
were introduced. 

The pendulum apparatus, which is not shown in the figure, was 
operated much as are similar ones which are commonly found in physical 
laboratories. It differed, however, in that it was constructed so that 
any desirable period of swing between reasonable limits could be obtained. 
To the lower part of the pendulum proper two arms each holding a 
platinum spade terminal were attached. In the movement of the pen- 
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dulum back and forth these terminals passed through two pairs of small 
bubbles of mercury which could be adjusted with respect to one another 
in order to obtain any desired interval of time. 

Experimental Procedure.—In order to be able to apply equation (2), 
it is sufficient to determine experimentally the voltage across the filament 
and the current through it as functions of the time elapsing following the 
rocking of the switch S;. To do this the mercury contacts on the 
pendulum apparatus were first adjusted for some desired interval; then, 
with the rocker of S; in the initial position and the potentiometer set 
for some estimated value of the current or voltage, the pendulum, which 
had previously been drawn back, was allowed to swing. On the passage 
of the platinum points through the first pair of mercury cups, the rocker 
S, was thrown violently over and caught in this position by means of a 
lock, not shown. On the passage of the platinum points through the 
second pair of mercury bubbles, switch S. was momentarily operated. 
In case the estimated setting of the potentiometer was incorrect, a 
ballistic deflection of the galvanometer followed. Quickly following the 
noting of this deflection, the pendulum and the rocker of S; were brought 
back to their initial positions and from the direction and magnitude of 
the galvanometer throw, a new estimated setting of the potentiometer 
was made. Following at regular intervals, repeated tests were made 
until the potentiometer setting was such that the galvanometer did not 
deflect. It was assumed that a potentiometer reading gave correct 
instantaneous values of the voltage or of the current as the case may 
have been. This was borne out by tests made with and without a large 
inductance inserted in the potentiometer branch and by calculations as 
to the effect of any probable self inductances that might be associated 
with the standard resistance J, the volt box V and the lamp L. Repeti- 
tions of the procedure described for various intervals of time between the 
rocking of switches S; and the operating of S2 gave, as is evident, the 
instantaneous values of current and voltage as functions of the time of 
heating or of cooling of the filament of Z. 

Specimen Data for Filament A-33.—A series of values for instantaneous 
currents for a particular tungsten filament (A-33) are platted in Fig. 2, 
both for the case when the filament was heating and when cooling during 
the passage from one to the other of two steady temperatures which 
were approximately the same in the two cases. In order to eliminate 
any effects due to changes in the filament or in the battery with time of 
operation, the points along a curve were obtained in the order 1, 3, 5, 7, 
8,6, 4,2. Curves showing the variation of the voltage were not actually 
plotted; instead the instantaneous values of the resistance as a function 
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of time were plotted. Such curves corresponding to those of Fig. 2 
are shown in Fig. 3. 
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Fig. 2. 
The current through the filament of ZL; as a function of the time of heating (+++) and 
of the time of cooling (000) for a particular tungsten filament (A — 33) on passing from one 
to the other of two fixed steady states. Values for the time are uncertain by a small constant 
amount, dependent on the apparatus. 


Application of Equation (2).—On the supposition that the resistance 
and the wattage of the filament are functions of the temperature only, 
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The resistance of the filament Z; as a function of the time of cooling (000) for a particular 
tungsten filament (A — 33) on passing from one to the other of two fixed steady states. 
Values for the time are uncertain by a small constant amount, dependent on the apparatus. 
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further data that are necessary are readily obtained. Consider in this 
connection equation (3) which is term for term identical with equation 
(2) although written in a somewhat different form. 


dT dR 
2 = oe aume 
(3) PR = F(R) + cpm 7 


From a plat of the wattage of the filament as a function of its resistance 
for a succession of steady states, the quantity F(R) may be taken as 
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The wattage (000) and the temperature (+++) as a function of the resistance for a 
particular tungsten filament (A — 33) when operated at a succession of steady states. 


the wattage corresponding to the resistance R, since for the filament 
thus operated in a vacuum, the rate of supply of energy to the filament is 
equal to the rate of radiation of energy from the filament. The quantity 
dT/dR may likewise be readily obtained from a calibration curve showing 
for a series of steady states for the filament, the relation between tem- 
perature and resistance. Curves giving 7' and F(R) as functions of R 
for the filament of (A-33) for which data have already been given, are 
shown in Fig. 4. The quantity dR/dt may be obtained from the plat of 
Fig. 3. Finally, after sufficient data of the preceding nature have been 
obtained, one may obtain the quantity m by breaking the lamp and 
weighing the filament. There then remains only the quantity c, as 
unknown which may be, therefore, determined directly. This quantity 
multiplied by the atomic weight gives the atomic heat. 


1 Worthing, Puys. REV., 10, p. 377, 1917. 
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Second Method of Eliminating End Effects.—It should be noted here 
that in some instances, instead of a lamp with fine potential leads being 
used as in lamp L;, two lamps with hairpin-shaped filaments identical 
as to wire-size and construction excepting that their filaments differed 
greatly in length were used in a manner to be described presently. In 
selecting two such lamps from a batch the color match method was 
employed. For this selection the tip ends of the longer filaments were 
screened off to such an extent that the portions of the longer filaments 
visible were about equal in length to the lengths of the shorter filaments. 
By so doing a pair of lamps was obtained such that by taking differences 
in voltages, wattages and resistances, one could eliminate the effect of 
the cooling junctions and lead-in wires and thus obtain results for a 
uniformly heated filament whose length was equal to the difference in 
the lengths of the filaments of the pair. When used in place of Zi, 
these two lamps were connected in series. The method of operation 
was exactly as has been described excepting that there were required two 
voltage determinations instead of one as was required otherwise. In the 
computational work the differences in resistance, etc., were always used 
in accord with what has already been said. 





o 70 
7) 
av 
» 5 ¢.0 
“als 
*K To 
£ 
aq 6.0 
eo) 1200 = I ¥00 1800 000 2200 2400 
T in °K 
Fig. 5. 


Atomic heats at constant pressure as obtained from several series of measurements on a 
particular tungsten filament (A — 33) when heating ( ) and when cooling (- — —- -). 
The curves A and B resulted from data platted in the preceding figures. 





Atomic Heat Results Obtained with Filament A-33.—As already stated, 
in this work determinations have been made both for the filament while 
heating, that is, passing from a cold state to a hot state, and also while 
cooling or the reverse process. A series of values for C, is obtained 
for each set of data. The results froma series of such sets for the tungsten 
filament A-33 when operated between various arbitrarily chosen steady 
states are platted in Fig. 5. It is to be noted that, while for the most 
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part the values by the two methods agree with each other, there are some 
outstanding differences. In particular the agreement for the various 
sets using only the results obtained by the heating method are in fairly 
good agreement. 

The writer has in his possession a great many similar sets of curves 
which show with but very few exceptions, as is shown here, that in the 
cooling method the final values of a set (that is the low temperature 
values) are uniformly too high when compared with those obtained by 
the heating method. The same thing is true though not to quite as 
great an extent of the initial values, that is, the high temperature end 
of the series. This difference will be discussed later. 


Test UsinG CorBiIno’s METHOD. 


On account of the differences obtained in the method just described 
depending on whether the change was one of heating or of cooling, and 
because of a desire to check the results by a method noticeably different 
in procedure, tests have also been made using the method devised by 
Corbino. 

In his work Corbino! used tungsten in the form of small filaments 
such as occur in small wattage lamps. Apparently the differential 
cooling effects due to the lead-in and supporting wires, for the small 
changes in temperature used by him were not appreciable. However, 
for this method, the lamps used by the writer (a pair which had pre- 
viously been used in the method described above) possessed cooling effects 
such as to require some modification in 
procedure. Fig. 6 shows the apparatus 
as used. R’ and R + R’ represent here 
the resistances of the two lamps which 
differed only in the lengths of the fila- 
ments used. By locating these lamps as 
is shown and by choosing other resist- 
ances such that the two branches con- 
taining these lamps possessed equal 
resistances, the above-mentioned dis- 
turbing factors were theoretically and 
actually eliminated. 

Corbino showed for his arrangement, 
and the reasoning holds equally well for 
the one presented here, that, if the bridge is first balanced with the 
switch K closed and then again by adjusting C only with the switch 




















Fig. 6. 
Arrangement of apparatus used in con- 
nection with Corbino’s method. 


1 Phys. Zeit., 13, p. 375, 1912. 
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K open, there results a discharge through the galvanometer which is of 
the exponential decay type, 7. e., 

(4) E = Eye” 

when the bridge passes from one balanced condition to the other on the 
closing or the opening of switch K. From measurements of this discharge 


and of certain other electrical quantities, he further showed how it was 
possible to compute the time constant 1/y of this discharge and finally 


TABLE II. 
Quantities and Symbols Relating to Corbino’s Method which Are Not Given in Table I. 

Symbol. Quantity. 

| Eg re Quantities referring to short filament. 

unprimed ().......Quantities referring to uniformly heated filament. 

No oiatc ore ee Initial values. 

er: End values. 

EIS re: Potential drop in galvanometer branch. 

iiraitasreaa eis oe Cate Inverse of time constant of the discharge through the galvanometer 
branch. 

MIR 5) dca efovasovaseix Aerie Total change in 7. 

iiebenundeweene Temperature coefficient of resistance. 

Biatuletaie stereogenic Resistance of the battery circuit. 

er Change in r on opening switch k. 

Sar errr ea eos: Quantity of electricity discharged through galvanometer on closing 
or opening k. 

Sei aenivssaceauwuel Galvanometer branch resistance. 

SELRE A pe ian aoe eee High resistance (see Fig. 6). 

Divewanauneeah ane Mutual inductance (see Fig. 6). 

d\.............:...Deflection of galvanometer on passage of g. 

Mie rtete ice ssa rice aoe Deflection of galvanometer per unit change of current in the 
primary of the mutual inductance. 

@’................-Correction factor to be applied to d; for a prolonged discharge. 


the atomic heat itself. Due to the elimination of the cooling effects of 
the leads, the formulas for computing are slightly different in the present 
case from what Corbino obtained. However, the methods of arriving 
at the formula are exactly similar. Only the more important steps and 
expressions will be given here. For small changes of temperature there 
results (see Table II for symbols): 


(5) ° T, — T = ATe™. 
Evidently for small changes 

R, — Ro 
(6) AT = — Ra’ 


In a direct way, as was done by Corbino, it may be shown that 


os ist dw 2Ro ee) | 
(7) v= | (F),- e(1- ror a ‘ 
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and that for the charge passing through the galvanometer 


Roa AT {- Ar Ro + 2R)’ 
ee " _— — e-vt —yt 
(8) @q X¥ 426") : | x + “ ; aAT(1 — e~"*) | e~*“dt. 
By means of a mutual inductance discharge in the galvanometer branch 
another expression may be obtained for q; viz., 


d, M ' 
q ” Bin 4+6o e- 
From equations (7), (8), and (9) by eliminating g and vy, an expression 
for c, may be obtained in terms of ordinarily measurable quantities. 

In Corbino’s work the time constants of the discharge were so small 
compared with the galvanometer period that the factor ¢’ was assumed 
as unity. In the writer’s work it was quite different, the time constant 
Was sometimes greater than the throw period of the galvanometer. 
The determination of ¢’ for such a case formed the subject of a paper 
printed elsewhere.! Along with the determinations of y it was there 
shown how that quantity might be determined independently of equa- 
tions (8) and (9). In that event c, is at once directly obtainable from (7). 

There is included in Table III. for the sake of illustration the measure- 
ments of a particular case, that one in fact for which data on y are given 
in Tables III. and IV. of the paper just referred to. 


(9) 


TABLE III. 


Measurements and Computations Relating to the Determination of Cp by Corbino’s Method for a 
Particular Case. 


Quanty. Value. Quantity. Value. 
Io 2.3120 amps. To 1492° K. 
Te 2.3290 ‘ AT 5.63° 
Ro + R,’ 2.3628 ohms dw watts 
2 
Ry’ 11109 * (*) aaa deg. 
r sy cpm 0.0200 “ 
Ar 1521 y 0.932 1/sec. 
0.0345 — 
“ : gr. deg. 
i. 
Cp 635 ——— 
gr.-atom deg. 





In case the initial and the end values are interchanged the formulas which apply 
cal. 


gr.-atom deg. 








to infinitesimal changes lead to 6.46 for 1498° K. The average 6.40 


cal. 
a has been ascribed to 1495° K. 
gr.-atom deg. 


1 Puys. REV., 6, pp. 165-179, I9I5. 
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The results themselves will be discussed later. The method is very 
neat generally. The only apparent drawback to the method is the 
extreme constancy required of the battery and of the circuits and the 
extreme care that must be taken in making measurements in order that 
accurate results shall be obtained. 


Atomic HEAT OF TUNGSTEN AS A FUNCTION OF TEMPERATURE. 


Sources of Error.—The discrepancies which have been noted previously 
in comparing the results of the cooling and the heating methods seem, 
for the most part, confined to something especially effective in the 
cooling method. On first thought they might seem suggestive of some 
source of error such as the conduction of heat due to residual gases, 
the disturbances due to thermionic currents, the variations in the rate 
of supply of energy through absorption of radiation present within the 
bulb, and experimental difficulties. As to each of these possibilities data 
are at hand permitting the computation of their effects. 

Let us consider the thermal conduction due to the residual gas first. 
The lamps used in this work, as shown by vacuum tests with high 
frequency discharge apparatus, were of very good quality. This means 
that the initial vacuum of about one millionth of an atmosphere had been 
greatly improved. However, let us assume, as limiting unfavorable 
conditions, a remaining gaseous pressure of 107? atmosphere due to 
hydrogen. For further computational purposes let us assume the 0.25 
mm. filament mounted axially in a long tubular bulb 10 cm. in diameter, 
maintained at room temperature, 300° K. At this pressure the mean 
free path of a molecule of hydrogen in a large vessel is of the order of 
180 cm. In our particular problem we may assume that the molecules 
of gas impact only on the walls of the bulb or on the filament. Assuming 
further than on the average after an impact on filament or wall a mole- 
cule possesses kinetic energy corresponding to their temperatures, we 
have for the two temperatures 2400° K. and 1200° K., the results shown 
in Table IV. The c,m(dT/dt) term of equation (2) was always at least 
one fourth of the F(T) term under the most unfavorable conditions 
occurring at low temperatures in the cooling method. It follows that 
gaseous conduction of heat cannot account for these discrepancies in 
the specific heat measurements, since nowhere on this account was this 
c,m(dT/dt) term, and also therefore C,, in error by more than 1/3 per 
cent., a correction which has been neglected. 

In arriving at corrections for the thermionic currents, certain results 
obtained by Langmuir' are found directly applicable. In particular the 


1 Puys. REV., 2, p. 450, 1913. 
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data contained in Fig. 1 of his paper may be made use of. He used a 
lamp with two similar U-shaped filaments of 0.069 mm. tungsten wire 
10.84 cm. long, distant from each other by 1.2 cm., and differing in poten- 
tial by 120 volts or 240 volts. In the writer’s lamps, only single U-shaped 


TABLE IV. 


Data and Computations Relating to the Heat Conduction Due to Hydrogen under a Pressure of 
10-7 Atmospheres in a Long Tubular Bulb 10 cm. in Diameter with an Axially Mounted 
Filament 0.25 mm. in Diameter when the Bulb is Maintained at 300° K. and the Filament 
at the Temperatures 1200° K. and 2400° K. 














1200° K. 2400° K, 

a a 2.710% molecules 2 73108 molecules 

DUOCUIAL GORBIRY.« . oo. sic cs0ccss AX —e 1X | 
Average molecular path......... 10 cm. 10 cm. 
Probability of a molecule impact- 

ing on filament after an impact 

eS er ere rr 0.0016 0.0016 
Square root of mean square 

Be ee eer a 2.0 X 10° cm./sec. 2.0 X 10° cm./sec. 
Mean molecular velocity........ 1.8 X 10° cm./sec. 1.8 X 10° cm./sec. 
Average frequency of impacts on 

filament per unit length of 

DE ne uassaenieneeaen 6.x ——— 6.16 X 10% — 

sec. cm. sec. cm. 

Average amount of energy trans- 

ferred to bulb following an im- ergs ergs 

Ss —13 - -13 : 
pact on the filament.......... 1.85 X10 ae tae oe 4.310 saalieniies 
impact impact 

Rate of loss of energy per unit 

filament length by gaseous con- waste watts 

MNS Gok sseuasenbuasawen 1.144X10"* —— 2.65 X10-* — 

cm. cm. 

Rate of radiation of energy per _ watts watts 

unit length of filament........ et oa ‘se — 

cm. cm. 

Ratio of gas conduction loss to 
= eee 0.00085 ; 0.000058 





filaments with legs separated usually by more than 2 cm. were used. In 
the most unfavorable case from the standpoint of this correction, the 
filament was of 0.25 mm. wire, 32 cm. long, with a maximum potential 
difference of 27 volts, occurring at the top of the U, where there was a 
spread of at least 3 cm. For such a voltage difference Langmuir would 
have obtained as the maximum possible thermionic current density about 
ampere : ' ; 
0.0016 = of cathode surface. Due to the increased distance in: 
the writer’s case, it seems certain in view of the theoretical considerations 
developed by Langmuir that the maximum current density would be of 
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ampere : — 
the order of 0.0006 - me , and the average considerably below this, in 
ampere 
fact below 0.00025 = . The filament possessed a surface of about 


2.5cm.2 The consequent upper limiting value of the thermionic current 
in this most unfavorable case was not greater therefore than 0.0006 
ampere or 0.0001 of the current of 6 amp. which was then used. Since, 
under this most unfavorable condition, which occurs at high temperatures 
in the heating method, the c,m(dT/dt) term of equation (2) which here 
as used always amounted to at least 1/15 of the F(T) term, the maximum 
error resulting from neglecting thermionic currents could not account 
for more than 0.15 per cent. in the final results. An inspection of the 
data obtained showed that no possibility of a lag in the thermionic dis- 
charge, however improbable, could anywhere have accounted for a 
larger variation. This correction is entirely negligible. 

The third possibility of an error due to an appreciable amount of energy 
being derived by the filament during a change, from reflected radiation 
within the bulb or from energy radiated by the bulb does not seem, a 
priori, a probable one. It has been ignored in almost all radiation work. 
The radiation existing within the bulb is composed of two parts, one 
representing the radiation arising from the filament which is reflected 
back and forth within the bulb, the other that radiation arising from 
the bulb itself. Velocity of light and bulb absorption considerations 
show at once that there can be no appreciable lag between the first-named 
portion and the filament temperature; and since this equilibrium state 
existed also during the temperature and electrical calibrations, there is 
no possibility of error arising from the reabsorption of this radiation. 
As to the radiation arising from the bulb itself, there are differences. 
In the cooling method for instance, the filament was maintained for the 
larger part of the time at the maximum temperature for which state the 
bulb temperature is comparatively high. During the cooling process and 
in particular near the completion of this process, the bulb is noticeably 
hotter than in the calibration state for the same filament temperatures. 
At the most, the bulb temperature did not vary more than 50°, say from 
300° K. to 350° K. Assuming that the radiation from the bulb was 
black radiation, it is easy to compute the change in the rate of supply of 
energy to the filament due to the radiation from the bulb at a given 
temperature for the two states. For a filament temperature of 1300° K. 
the lower experimental limit taking recognition of the fact that the absorb- 
ing power is proportional to the emissive power, we have these supply 


oo \4 o\! 
rates equal to respectively ( 3°) and (38 ) or 0.0025 and 0.0052 of 
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the radiation rate, or the change as equal to 0.0027 of the radiation rate. 
Since, in this most unfavorable condition, the c,m(dT/dt) term of equa- 
tion (2) was always at least one fourth of the radiation rate, the error 
resulting in C, was never greater than I per cent. Usually it was much 
smaller. This source of error has also been neglected. 

It is possible, of course, to ascribe the greater variations of the cooling 
method directly to the much reduced values of current and voltage 
which were dealt with in that method and to the greater uncertainties 
which arise when working appreciably near the limits of instrumental 
accuracy. However, the data for the cooling method when platted 
generally appeared to be about as consistent as that obtained with the 
heating method. Cumulative evidence leads the writer to believe that 
the difference must be sought elsewhere. Another conceivable experi- 
mental difficulty might be considered as having arisen from the necessary 
inclusion of self-inductances. Computations and experimental tests with 
large self-inductances intentionally included, however, showed no meas- 
urable variation. 

A Possible Lag Phenomenon.—It is conceivable that the differences in 
results from the heating and the cooling methods are real and that in 
some way the resistance of a filament is not merely a function of the 
temperature but also to a slight extent a function of the immediately 
preceding conditions of the filament. In view of the fact that the changes 
which occur in these methods are quite rapid changes, that the filament 
expands, that this process takes a finite amount of time, and that the 
resistance of a filament is a function of the pressure internally as well as 
externally, one might naturally expect something of a lag as a source of 
difficulty when the temperature is assumed to be a function of the 
resistance only. There are no means at present, so far as the writer 
knows, of computing how large this effect might be expected to be. 
More refined measurements will be necessary, in fact, before the existence 
is definitely proved. It is of interest to note here, however, that Stewart! 
has presented theoretical and experimental considerations indicating 
that a similar lag phenomenon takes place when gases are subjected to 
changes in internal energy. 

Assuming the effects to be real and to represent something of a lag 
between the resistance and the rate of radiation, it is of interest to con- 
sider the effect of such a lag on the results. The discrepancy on this 
supposition arises when the steady state wattages for a filament are 
taken according to equation (3) as giving values of F(R) for corre- 
sponding resistances. In the cooling method, on account of the relatively 


1 Phil. Mag., 28, p. 748, 1914. 
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small values for J and for the quantity IV., the term F(R) is relatively 
very important in the determination of C,; on the other hand, in the 
heating method the term F(R) is relatively unimportant with respect to 
IV. and consequently also in the determination of C,. This statement 
applies particularly when d7/dt is large. As a result on the supposition 
of a lag we might expect the cooling method to give relatively discordant 
values and the heating method to give relatively consistent values. A 
consideration of Fig. 5 shows that such is actually the state as to con- 
sistency. However, without the supposition of more than a single lag 
it is difficult to explain the apparent return of the C, at the low tempera- 
ture end of a set in the cooling method, to greater than normal values. 


13 
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Atomic heats of tungsten as a function of temperature. 


2200 +00 


Atomic heats at constant pressure. 

X X X Corbino (Pirani’s Temperature Scale). 

+++ Pirani. 

A Average of several at 50° C. 

©OO Worthing, by heating method. 

* * * Worthing, by Corbino’s method. 
Worthing, weighted value for Cp. 
—-—-- Worthing, weighted value for Cy». 





Atomic Heat under Constant Pressure.—Because of the great variations 
in connection with the cooling methods in contrast to those oceurring 
in the heating methods, the results by the former method have not been 
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included finally in arriving at atomic heats. In Fig. 7 there are shown 
results by the heating method on two filaments with potential lead wires 
and on three filaments which represent the differences obtained on each 
of three sets of two lamps which possessed filaments and construction 
that were identical except for the lengths of the filament used. There are 
no very noticeable differences in the results from these various sets. 
There are also shown the results obtained from one of the pairs of lamps 
when Corbino’s method was used. These results lie somewhat below 
those obtained by the other method. The writer has no explanation to 
offer for this. For comparison purposes there have been included the 
results obtained by Corbino as well as those obtained by Pirani. The 
great variations in the values for C, obtained by Corbino are to be 
ascribed in part at least to the fact that the temperature scale used by 
him was incorrect. Because of variations in the manufacture and 
treatment of tungsten filaments, no satisfactory correction to the present 
scale seems possible. In view of the great care which was used in the 
determination of a temperature scale for the writer’s work and of the 
comparatively good agreement which was found using the two methods 
noted, the writer believes that the results obtained indicate the true 
values to within a fairly small degree of uncertainty, perhaps something 
of the order of 5 per cent. As a whole the author’s data do not justify 
any relation more complex than the linear one represented, although it is 
evident that such a relation could not be continued to noticeably lower 





temperatures. 
TABLE V. 
Test of Griineisen’s conclusion as to variations in a/Cp. 
on, a. | &- a/Cp. 
| 1 | .-atom 
330°K...| 4.4410 — *6,.20 ——-— 7.16x10-7 BO" 
| deg. gr.-atom deg. cal. 
a 5.06 6.50 7.78 
ee | $3 6.95 7.91 
ee | 6.06 7.40 |; 8.19 
ae | 6.74 7.85 8.58 
rn OTE 7.54 8.30 - 9.08 














It is of interest to compare these results with certain conclusions 
obtained by Griineisen. From experimental data on eight metals for 
temperatures ranging from about — 150° C. to about 850° C., he arrived 
at the empirical law that a/C, is a constant depending only on the 

* Average value of several determinations at room temperatures as recorded in Landolt 


and Bernstein. 
1 Ann. d. Phys., 26, p. 211, 1908. 
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substance. The results by the writer! on the thermal expansion of tung- 
sten are based on the same temperature scale? as the data recorded here 
and may be used in this connection. That these results deviate from 
Griineisen’s conclusions may be seen from an inspection of Table V. 
No approximate agreement can be obtained through any reasonable 
shift or change in the curve of Fig. 7 giving C, as a function of T. 

Atomic Heat under Constant Volume.—In order that these results 
might be tested for their agreement or lack of agreement with theories, 
it is necessary to correct these values of atomic heat to what would be 
obtained if determined under the condition of constant volume. Thermo- 
dynamically there is the formula which holds for all cases, 


dp ( av \* 
(10) C,-CQ, = -r#(#) , 


(See Table I. for meaning of symbols.) This may be changed at once to 





ay 

i 2 

So far as the writer knows, there is not in existence at present the data 
necessary for the application of these formulas as they stand to tungsten 
at the temperatures used in this work. However there is the approxima- 
tion formula according to Nernst and Lindemann,’ which is based in 
part upon the applicability of the equipartition theory of atomic heat to 
substances at high temperatures, the assumed constancy of 3av/KC,4 
and of 7,K/v® for which ranges of I : 3 and I : 5 respectively have been 
found experimentally. Equation (11) under these conditions reduces to 


T 
(12) C,—-C, = Orr 





(11) C,—-CG=9 


Ao, 


where Ao supposedly represents a universal constant equal to 0.0214 
gram-atoms deg. en : , : 
— -——— . The application of this equation to the weighted 
calorie 
curve for C, gives approximately the curve for C, which is noted in Fig. 
6 by the dashed line. In justification of this application, it should be 
stated that the corrections obtained at room temperature and particularly 
at 915° K. are of the same order of magnitude as those which the writer 
has obtained by using the rigid thermodynamic formula together with 
measurements of the thermal expansion,’ Young’s modulus, and the 

1 Puys. REv., 10, p. 638, 1917. 

2 Worthing, Puys. REV., 10, p. 377, I917. 

3 Zeit. f. Elektrochem., 17, p. 817, I9II. 

4 Mie, Ann. d. Phys., 11, p. 687, 1903; Griineisen, Ann. d. Phys., 26, p. 393, 1908. 

5 Griineisen, Ann. d. Phys., 39, pp. 300-301, 1912; Blom, Ann. d. Phys., 42, p. 1397, 1913. 

6 Worthing, Puys. REV., 10, p. 638, 1917. 
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rigidity at these temperatures. The values for Young’s modulus, and 
rigidity while considered only fairly accurate are values which the writer 
has obtained on a specimen of wire for which the thermal expansion 
coefficient had been carefully measured previously. They show relatively 
about the same variation with temperature as have been found by Dodge! 
and by Schriever at the University of Iowa in some of their preliminary 
works which they have kindly communicated to the author. The writer’s 
results, their application in determining C, — C, and the difference in 
agreement between the results depending on whether (11) or (12) is 
used in computing C, — C, are shown in Table VI. 


TABLE VI. 


Data Used and the Results Obtained in the Application of (11) and (12) at Two Different 
Temperatures. 


Values at Temperatures 














Quantity. : 
goo® K. gt5° K. 
d | dy 
Rigidity........s0cceccccsscess 1.48-102 7S | 1.39.10 S7RES 
cm.? cm.? 
Young’s modulus............... 3.77-10% | 3.69-10% ‘ 
Bulk modulus, 1/k.............. 2.77-102 ‘ | 3.55-10% ‘ 
oe ee re 4.44-10-* 1/deg. |  4.75-10-* 1/deg. 
: cm. cm. 
Atomic volume, 0... 2. .06scees. a oe ‘ 
gram-atom gram-atom 
° lories lori 
C,—C, according to equation (11)} 0.034 ————— aie———— 
gr.-atom deg. | gr.-atom deg. 
he 3675° K. | 3675° K. 
| ee = | = __ = 
gr.-atom deg. gr.-atom deg. 
C,—C, according to equation (12)| 0.063 ” | 0.192 ” 





Discussion of Explanations Suggested for Atomic Heats in Excess of 
3Nk.—It is to be noted that, while the results obtained more nearly 


calories 


check the limiting value 3k, or 5.95 -, which is quanti- 


gram-atom deg. 
tatively predicted for high temperatures by most theories, than do the 
results of Corbino or of Pirani, they still noticeably exceed that limiting 
value. There seems to be no way of explaining this discrepancy by any 
reasonable supposition of error of method, of calibration, or of lack of 
uncertainty in the correction for C, — C,. Regarding this last-men- 
tioned uncertainty it may be stated that according to Table VI. the 
discrepancy would be apparently increased in case the exact correction 
could be made. 


1 Puys. REV., II, p. 311, 1918. 
2 Worthing, Puys. REV., 10, p. 377, I917. 
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As has already been stated work done on other substances has demon- 
strated that 3Nk is not the actual limiting value for C,. Among many 
investigations there may be cited in particular as more recent ones that 
by Protz! on Na and K, that by Koenigsberger? on Pt and Ag, that by 
Schubel’ on Fe, Ni, Co, Cr, Bi and Sn, that by Griffith and Griffith on 
Fe and Na and that by Lewis Eastman and Rodebush* on Mg, K, Na 
and Ca. 

Einstein’ in developing his theory of atomic heat represented by 
Equation (1) recognized the existence of values in excess of 3Nk. From 
his viewpoint it was natural to account for this by assuming that to 
the electrons contained in a body there should also be ascribed energy 
according to Planck’s quantum hypothesis. Quantitative tests of this 
view may be carried out since, as Drude showed in his theory of optical 
dispersion, there are ultra-violet frequencies which are to be ascribed to 
electronic vibrations just as the infra-red frequencies have been ascribed 
to atomic vibrations. Since the frequencies for the former are very 
great compared with the latter, in fact according to Haber’ varying 
inversely as the square root of the ratio of the vibrating masses, it is to 
be expected that the electrons will not contribute noticeably to atomic 
heats until high temperatures are attained, and then generally in accord 
with the diagram of Fig. 8. Such a representation at first glance would 
seem to be qualitatively in agreement with the results of the writer. 
In view of Einstein’s theory having been shown not to be in accord with 
data at low temperatures, and in view of the good agreement using 
Debye’s theory, the writer has attempted a quantitative test using 
Debye’s equation. It is with the understanding, however, that the- 
oretically such a procedure is probably not justified because from Debye’s® 
viewpoint the body is a continuum, and strictly only the first 3(N + N’) 
—where N’ represents the number of electrons per gram atom—fre- 
quencies should be considered, resulting in a magnified a-a curve (Fig. 8). 
From the viewpoint of Born and Karman’ this procedure might. possibly 
be justified. In this test it matters little which of the two theories is 
selected, hence the selection of Debye’s because of completeness of pub- 
lished results. Assuming Lindemann’s’® formula for infra-red frequency 

1 Ann. d. Phys., 31, p. 127, 1910. 

2 Verh. d. Deut. Phys. Gesell., 14, pp. 275 and 540, 1912. 

3 Zeit. f. anorg. Chem., 87, p. 81, 1914; Fort. d. Phys., 70, II, p. 561, 1914. 

4 Proc. Roy. Soc., A, 90, p. 557, 1914; Phil. Trans., 214, p. 319, 1914. 

5 Proc. Nat. Acad. Sci., 5, p. 25, 1918. 

6 Ann. d. Phys., 22, p. 180, 1907. 

7 Verh. d. Deut. Phys. Gesell., 13, p. 1117, IQII. 

8 Ann. d. Phys., 39, p. 789, 1912. 


® Phys. Zeit., 14, p. 15, 1913. 
10 Phys. Zeit., I1, p. 609, 1910. 
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as used by Blom! one arrives at 5.8 X 10" vib./sec. as the characteristic 
infra-red frequency and 277° K. as the value of 6 the characteristic 
temperature, for tungsten. This gives a curve of the type shown by 


oe ee , . cal. 
a-a in Fig. 8, which is consistent with the value of 1.75 —————.— 
gr.-atom deg. 
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Fig. 8. 


Diagram showing according to Ejinstein’s view the separate contributions of atomic 
(a — a) and of electronic (b — b) vibrations toward the atomic heat as a whole (a — c) 
as functions of temperature. 


obtained by Dewar? at 50° K., though one which yields a value somewhat 
lower than has been obtained for room temperature. 

The ultra-violet frequency obtained by Haber’s* method gives a char- 
acteristic electronic frequency 3.4 X 10” vib./sec. and a characteristic 
temperature of about 160,000° K. The supposition of 6 such valence 
electrons each contributing separately to the atomic heat, will at a tem- 
perature of 2400° K. add only about 0.01 — = a value con- 

gr.-atom deg. 

siderably smaller than will account for observed deviations. Nor will 
the ascribing of energy thus to all of the electrons, usually considered as 
included within the atom, a doubtful procedure, help essentially. The 
use of Lindemann’s‘ formula for computing the ultra-violet frequency 
directly does not yield noticeably different results. Further assump- 
tions or perhaps better theoretical considerations may lead to a better 
agreement. 

In 1908 Planck’ called attention to the fact that the energy of radiation 
filling intermolecular spaces should theoretically be taken into account 
in determining atomic heats. He showed that in a perfect gas under 
0.00I mm. pressure at 2050° K., this energy amounts to about 25 per 

1 Ann. d. Phys., 42, p. 1397, 1913. 

2 Proc. Roy. Soc. Lond., 89A, p. 158, 1913. 

3 Verh. d. Deut. Phys. Gesell., 13, p. 117, IQII. 


4 Verh. d. Deut. Phys. Gesell., 13, p. 482, IQII. 
5 Ann. d. Phys., 26, p. 1, 1908. 
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cent. of the kinetic energy of the atoms. Evidently the importance of 
this factor decreases with an increase in density, and it may be considered 
entirely negligible in connection with solids even at the much higher 
temperatures attainable. Taking a cue from this suggestion, it has been 
further suggested that the difference between observed values and 3Nk 
might be ascribed to the energy of radiation, and that thus these dif- 
ferences at high temperatures would be proportional to the radiation 
intensities. Assuming the results reported here for tungsten, no con- 
firmation of this view will be found. Further, this view seems untenable 
since with continued increases in temperature it would lead to values 
in excess of 3(N + N’)k. 

Richarz' advanced the idea that the conduction electrons, while free, 
represented additional degrees of freedom, and that internal energy 
should be ascribed to them. This view, in conjunction with the earlier 
theory of Lorentz as to the continuous existence of free electrons in con- 
ductors, was capable of explaining the observed excesses of C, over 3.Nk. 
However, according to J. J. Thomson’s electrical doublet theory of con- 
duction, this explanation does not necessarily serve. Moreover, the 
discovery of K. Onnes?® of. the superconducting state seems to have 
verified Thomson’s’ theory. It should be further noted that Richter‘ 
concluded from observations of electrical conductivity and specific heat 
of lead-bismuth and tin-bismuth alloys at 100° C. that the conducting 
electrons played only a very subordinate part in atomic heat phenomena. 
K. Onnes and Holst® reached the same conclusion from measurements on 
the specific heat of mercury above and below 4.19° K., the temperature 
at which it becomes super-conducting. The viewpoint that conduction 
electrons during their intervals of freedom add noticeably to the number 
of degrees of freedom of a body does not seem to have much experimental 
backing. 

There should also be mentioned the theories of Reinganum*®, of Rasch’ 
and of Skaupy® concerning the merit of which the writer is unable to say 
much owing to not having access to the published works. 

Thirring® in his application of Born and Karman theory discusses 
the possibility of applying it to lattices of atomic residues and electrons, 

1 Zeit. f. anorg. Chem., 58, p. 356; 59, p. 146, 1908; Beibl., 33, p. 152, 1909. 

2 Proc. Kon. Akad. Amsterdam, 14, p. 113, IQII. 

3 Proc. Phys. Soc. Lond., 27, p. 527, 1915. 

4 Ann. d. Physik., 39, p. 1590, 1912; 42, Pp. 779, I913. 

5 Proc. Kon. Akad. Amsterddm, 17, p. 760, 1914. 

6 Sitz. Heid. Akad., 10, p. 22, 1911; Fort. d. Phys., 67, II, p. 36, 1911. 

7 Mitteil. Kgl. Materialsprufungamt, 30, p. 320, 1912. 


8 Verh. d. Deut. Phys. Gesell., 17, p. 269, 1915; Sci. Abs., A, 18, p. 660, I9I5. 
® Phys. Zeit., 15, pp. 132 and 133, I914. 
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and showed some interesting possibilities. This method might be capable 
of predicting atomic heats at high temperatures satisfactorily. 

Another possible method explaining an excess in the number of degrees 
of freedom over what has been expected is that of ascribing degrees of 
freedom to rotational movements of the atoms in their space lattices. 
Of course, such a concept carries with it a supposition of atoms capable 
of orientation, a natural one in accord with present theories of atomic 
structure. Whether or not such a procedure is equivalent to the one 
indicated by Thirring, the author is not quite clear. . It is worthy of 
notice that this view is consistent with the recent results by Hull' pointing 
toward relatively stationary electrons in space lattices. 

Regardless of the particular method of picturing the existence of the 
excess in the number of degrees of freedom, the existence of an excess 
seems fairly well proved, if we are to accept the method of the degrees 
of freedom as the necessary method of explaining the upper limiting values 
of atomic heat. The results of this paper together with those already 
noted by Corbino and Pirani confirm this in the case of tungsten. That 
tungsten is not peculiar in this property is shown by results on other 
substances as has already been mentioned. 

For the determining of the type of an atomic heat curve at high tem- 
peratures which the accepted theory must fit, there are but few satis- 
factory data. Manifestly it is of prime importance to know whether 
the variation above 3Nk is in accord with a magnified curve of the a-a 
type, Fig. 8, or with a curve of the a-c type. The discussion of existing 
data on Pt and Ag led Koenigsberger? to results in accord with the 
a-ctype. It is significant that the results of the present work on tungsten 
taken together with the values obtained by others in the neighborhood 
of room temperatures leads to a variation of the same type. The 
excellent data by Protz,®? Schiibel,* and Griffith and Griffith’ already 
referred to unfortunately do not extend over satisfactory ranges or are 
rendered inapplicable without further data because of the changes occur- 
ring in magnetic properties of the substances investigated. More exact 
measurements over large ranges of temperature would seem quite essen- 
tial. It is worth pointing out that tungsten is especially favorable as 
a material for such an investigation in that it attains the 3Nk value at 
ordinary temperatures and may be experimented on in the solid state 
over a very great range beyond. 

1 Puys. REV., 9, p. 84, 1917. 

2 Verh. d. Deut. Phys. Gesell., 14, pp. 275 and 540, 1912. 

3 Ann. d. Phys., 31, p. 127, 1910. 


4 Zeit. anorg. Chem., 87, p. 81, 1914. 
5 Proc. Roy. Soc., A, 90, p. 557, 1914; Phil. Trans. Roy. Soc., 214, p. 319, I914. 
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Atomic HEAT OF CARBON. 


For this study an untreated carbon filament was made use of. The 
data were obtained in the earlier part of the work and due to the lack of 
certain refinements in the method, they are not as accurate as those 
obtained in connection with tungsten. The methods used both as to 
heating and cooling, are those which have been described in connection 
with results for tungsten. 

Results have been obtained by Hyde! and by Hyde, Cady and Forsythe? 
which would indicate that untreated carbon is nearly gray in its radiation 
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Atomic heats of carbon under constant pressure. 
A Graphite according to Weber. 
© Diamond according to Weber. 


+ 
e } Untreated carbon according to Worthing. 
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The continuations of the graphite and the diamond curves represent the results of Magnus’s 
reconsideration of Weber’s data at the higher temperatures. 


and that the regular Stefan-Boltzmann fourth power law may be used 
to determine temperatures for such a filament when the temperature for 
some one standard condition is known. One direct conclusion from their 
work is that the color temperature is also quite closely the true tempera- 
ture. For the particular lamp which the writer used it was found that 
the fourth power law held when applied to two certain color tempera- 
tures. These color temperatures were obtained by color-matching the 


1 Astrophys. Jour., 36, p. 89, 1912. 
2? Puys. REV., 10, p. 395, 1917. 
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lamp with a subsidiary standard which had previously been color- 
matched with a black body. In computing the results for carbon these 
color-matching temperatures and the fourth power law have been made 
use of. The results themselves are shown in Fig. 9. It is interesting in 
this connection to compare these results with those which have been 
obtained by Weber! for diamond and for graphite at low temperatures 
and with his determinations at high temperatures as discussed by 
Magnus,’ a result of considering a changed temperature scale and more 
refined measurements on the specific heat of platinum in terms of which 
Weber expressed his results at high temperatures. The agreement is 
quite satisfying. It is to be noted that the maximum value in this 
connection does not noticeably exceed the expected theoretical limit. 
Undoubtedly corrections for the difference between the atomic heats 
under conditions of constant pressure and constant volume would lead 
to results which are perfectly in accord with expectations. 


SUMMARY. 


The atomic heat of tungsten under constant pressure C, has been 
measured by two methods for the region 1200° K. to 2500° K. The 
atomic heat for carbon has been measured by one method for the region 
1200° K. to 2100° K. The results on tungsten when corrected to give 
atomic heats under constant volume lead to values considerably greater 
than 5.9 a... the value ordinarily expected in accordance with 

gr.-atom deg. 
many theories. The carbon values agree well with this expected limit. 

Indications of an apparent lag between resistance and temperature or 
some other functions, have been found which the writer is unable to 
explain. 


NELA RESEARCH LABORATORY, 
NATIONAL LAMP WorRKS OF GENERAL ELECTRIC COMPANY, 
NELA PARK, CLEVELAND, OHIO, 
May, 1918. 


1 Pogg. Ann., 154, pp. 367 and 553, 1875; Phil. Mag., 49, pp. 161 and 276, 1875. 
2 Ann. d. Phys., 48, p. 983. 1915. 
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CONDUCTIVITIES AND THERMO-ELECTRIC POWERS OF 
BISMUTH-TIN ALLOYS. 


By A. E. CASWELL AND Ceci, A. McKay. 


N a previous paper! the senior author has presented results of experi- 
ments on the Peltier and Seebeck effects in pure bismuth and 
alloys of bismuth and tin containing small amounts of tin. The results 
showed that for these specimens Kelvin’s equation, based on the second 
law of thermodynamics, is true, namely, P = QT, where P is the Peltier 
E.M.F. at the absolute temperature TJ, and Q is the corresponding 
thermo-electric power. Whenever these two quantities have been deter- 
mined for the same metal this relation has been found to hold within 
the limits of experimental error. A second conclusion was drawn from a 
comparison of the conductivities of bismuth-tin alloys, as determined 
by Schulze,? and the Peltier and thermo E.M.F.’s, as determined in 
these experiments. Owing to irregularities in the cross-sections of the 
specimens used the conductivities of these specimens were not determined 
at the time. Later rough determinations of these conductivities were 
carried out by a student in this laboratory, and these seemed to indicate 
that the conductivities of the specimens were quite different from those 
determined by Schulze. In consequence, it seemed possible that the 
second conclusion was untrue, namely, that the thermo-electric power 
was given by the equation 


2R nN, 
0 = Fiog(=), (1) 
rather than by the equation 
R ny, 
Q = “tog ("), (2) 


where R is the gas constant and is equal to 8.315 joules per degree Centi- 
grade, and ¢ is the Faraday, or the amount of electricity which will deposit 
from an electrolytic solution a mass in grams of a substance numerically 
equal to its chemical equivalent, and is equal to 96,500 coulombs, and 
nm, and m2 are the numbers of electrons in unit volume of the two metals 
used in determining the thermo-electric power. 

In order to remove any doubt on this point and also to facilitate experi- 
ments upon the Thomson effect, which are considered in another paper, 


1 Puys. REv., N. S., Vol. VII., pp. 269-277, February, 1916. 
2 Ann. der Phys., 9, pp. 555-589, 1902. 
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the following experiments were undertaken. Mr. McKay having en- 
listed in the naval reserves it has fallen to the lot of the senior author, 
who supervised Mr. McKay’s work, to write this paper and also to check 
Mr. McKay’s determinations. The work of preparing the specimens and 
of making a long series of measurements was done by Mr. McKay. 
The specimens were made by alloying known weights of Kahlbaum’s 
reagent bismuth and Kahlbaum’s purified tin. The metal was fused and 
thoroughly stirred in an electric furnace and then poured into the mould, 
care being taken to prevent oxidation of the metal. The mould consisted 
of two iron slabs one cm. thick. These were machined so as to fit very 
closely and were held together by nine stout bolts. Suitable grooves in 
each of the slabs formed a mould giving a [']-shaped casting, 19 cm. on 
each side and having a circular cross-section 0.415 cm. in diameter. 
Before pouring the metal into it, the mould was heated to a temperature 
of about 250° C. The mould was then allowed to cool slowly, thus 
annealing the specimen. Considerable difficulty was experienced in 
removing the casting from the mould. Satisfactory results were finally 
obtained by carefully wiping the grooves of the mould with flake graphite 
before making each casting. 


TABLE I. 
Conductivity in Reciprocal Ohms at 
Specimen. ee ere ee wes 


20° C, 35°C. =| 50°C. 65°C. | 80°C. | g5°C. 





Pure bismuth No. 1..... | 9,060 8,570 | 8,080 | 

“ “ No. 2..... | 8890 8495 | 8100 | 7,705 | 7,310 6,915 
1 per cent. No. 1........ | 3,007 2,955 2,907 | 2,877 2,860 2,845 
“ue 6 No. 2....0... 3,250 | 3,192 | 3,144 | 3,104 | 3,072 | 3,054 
2 per cent. No. 1........ 3,334 | 3,250 | 3,188 | 3,134 | 3,092 | 3,055 
a Se 2,952 | 2,882 | 2,826 | 2,782 | 2,746 | 2,716 
3.71 per cent. No. 1..... 3,310 | 3,225 | 3,155 | 3,095 | 3,035 2,990 
“ w & No.2..... 3,204 | 3,115 | 3,043 | 2,982 2,933 | 2,890 
6.36 per cent. No. 1..... 4,460 | 4,325 | 4,195 | 4,068 3,943 | 3,818 
“ u & No.2... | 4336 | 4.208 | 4,080 3,952 3,824 3,696 








For the conductivity determinations the specimens were immersed in 
a water bath ranging in temperature from near 0° C. to near 100° C. 
The resistance was measured with a Kelvin bridge. No allowance was 
made for the conductivity of the water because its conductivity was so 
very small in comparison with those of the specimens as to make the 
correction very much less than the probable experimental error. In 
Table I. the conductivities for a number of different temperatures are 
given as read from graphs showing all of the individual determinations. 
The percentage given indicates the percentage of tin by weight in the 
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alloy. It will be observed that there are two specimens of each per- 
centage. This is due to the fact that two specimens were needed for the 
Thomson effect. It will also be observed that two specimens identically 
the same in so far as it was possible to make them differ slightly in their 
conductivities. This is also true of their thermo-electric properties. 
The conductivities of the pure bismuth and of the alloys containing 6.36 
per cent. tin are, within the range of temperatures considered, linear 
functions of the temperature. 

The determinations of the thermo E.M.F. were made in the usual way, 
the ends of the specimens being connected to copper leads, the one 
junction being placed in a bath of melting ice and the other in a water 
bath, the temperature of which ranged from about 15° C. to the boiling- 
point of water. The E.M.F. was measured by a potentiometer at inter- 
vals of about 10° C. The expressions given in Table II. indicate quite 
accurately the results of these experiments, except in the case of the 3.72 
per cent. specimens between 80 and 100°C. In this interval the observed 
values were slightly more negative than the expression would indicate, 
apparently showing, when compared to copper, a maximum at about 
92° C. For purposes of comparison the thermo-electric powers com- 
pared with copper and also with the pure bismuth No. 2, the most 
electro-positive specimen, are also given in the table. Both of these are 
computed from the values given in column 2. ¢ is the temperature in 
Centigrade degrees. 

















TABLE II. 
| | {Thermo E.M.F. | BowerAgsinee | Power Againot 
Specimen. | Against Copperin | Copper in Micro- Bismuth No. 2 
Microvolts. volts per °C, Microvolts per °C. 
Pure bismuth No. 2....... | 40.8¢ +.25¢ 40.8 +.50t 
= os oe er 39.5¢ +.252 39.5 +.50¢ — 1.3 
1 per cent. No. 1......... | — 6.35¢+.1657 — 6.35+.33¢ —47.15—.17¢ 
iio Sa re — 7.2t +.172 — 7.2 +.34t —48.0 —.16¢ 
per cont. Me. 8 ......5.. —24.4¢ +.1577 —24.4 +.315t —65.2 —.185¢ 
ie:  < Seaerere | —27.5¢ +.31f —27.5 +.62t —68.3 +.12¢ 
3.72 per cent. Nos. land 2; —29.4¢ +.12@ ' —29.4 +..24¢ —70.2 —.26t 
aie | meen | —38.3¢ +.13# —38.3 +.26t | —79.1 —.24t 


iia: | Saeeen | —40.5¢ +.132 | 40.5 +.26¢ | —81.3 —.24¢ 








In Table III. the ratios 1;/n2 are given, where n, is the concentration 
of the electrons in the specimen mentioned in the left-hand column and 
m2 is the concentration in the pure bismuth specimen No. 2. These 
ratios have been computed in three ways: first, by means of Drude’s 
equation,! being (1) given at the beginning of this paper; secondly, by 


1 Ann. der Phys., 1, p. 590, 1900. 
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J. J. Thomson’s equation,' being (2) given at the beginning of this paper; 
and thirdly, from the ratio of the conductivities, this ratio being the same 











TABLE III. 
Values of the Ratio 7/2 from 
Specimen. asso “arte 
Drude’s Equa- | Thomson's Conductivities. 
tion. Equation, 

Pave biomes No. 1... 2... cas 0.992 | 0.982 0.998 
og eS rr 0.7241 0.5243 0.3588 
ey RMS eel 5 Sirk ald ena ess 0.7224 0.5219 0.3882 
2 percent. No.1................. 0.6494 | 0.4217 0.3932 
ce SO ee eres eee 0.6925 0.4796 0.3488 
Ae Se eer 0.6173 0.3811 0.3895 

re | at MMR rs due iiecie- ain ees 0.6173 0.3811 0.3756 
6.20 per cont. No. 1.2... .6...555. 0.5895 0.3475 0.5176 


Pe Rs antenensceses 0.5804 0.3369 | 0.5035 


as the ratio of the concentrations if the mean free path of the electrons 
is the same in both metals. This is assumed to be the case, the assump- 
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tion being discussed at considerable length in the senior author’s previous 
paper. All calculations are for 50° C. 


1 Corpuscular Theory of Matter, p. 74. 
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It will be observed that for the smaller percentages the figures given in 
the third and fourth columns agree more closely than do those in the 
second and fourth columns. Since it is with the smaller percentages 
that we would expect the assumption of the equality of the lengths of 
the mean free paths of the electrons to hold most closely, it follows that 
the ratios derived from the electrical conductivities are in better agree- 
ment with those calculated from Thomson’s equation than with those 
calculated from Drude’s, although the agreement in neither case is close 
enough to be considered a justification of the proposed formula. 

The data given in Table III. is shown graphically in Fig. 1. 


SUMMARY. 


The conductivities of pure bismuth and bismuth-tin alloys, containing 
small amounts of tin, have been measured, and it is found that the 
addition of a very small quantity of tin increases the resistance of the 
bismuth very considerably, but with further additions the resistance 
decreases. 

The thermo-electric power of the same specimens has been determined. 

A comparison of the two sets of results seems to indicate that Drude’s 
equations for the thermo-electric power and the Peltier E.M.F. are not 
preferable to Thomson’s, but that the reverse is probably true. 


PHYSICAL LABORATORY, 
UNIVERSITY OF OREGON, 
February, 1918. 
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THOMSON EFFECT IN BISMUTH-TIN ALLOYS. 


By A. E. CASWELL. 


N two previous papers! the author described two methods of deter- 
mining the Peltier E.M.F. by compensation and gave the results of 
a series of experiments in which the Peltier E.M.F. and thermo-electric 
power were determined for several pure metals and also alloys of bismuth 
and tin. More recent experiments in which the thermo-electric powers 
and the conductivities of new specimens of the bismuth-tin alloys were 
determined, are now reported on in a joint paper, “‘Conductivities and 
Thermo-electric Powers of Bismuth-tin Alloys,’’ by Cecil A. McKay 
and the author. 

It occurred to the author that for theoretical reasons it was desirable 
to have data on the same specimens for the Peltier, Seebeck and Thomson 
effects, and for electrical conductivity. With that object in mind the 
author proceeded to modify the apparatus used for the Peltier and See- 
beck effects so as to be able to measure the Thomson effect as well. 

The method used in measuring the Peltier E.M.F. was to have the 
junctions of the dissimilar metals (one always being copper) in two 
Dewar flasks containing coal oil and to send a measured current through 
them. Owing to the Peltier effect the temperature of one junction with 
its surroundings rises in temperature faster than the other. By means 
of a small heating-coil a sufficient amount of heat was added to the flask 
in which heat was absorbed, owing to the Peltier effect, to maintain the 
two flasks at the same temperature. A modification of this method 
consisted in supplying the heat in the junction itself by means of the 
resistance of the metal which with copper formed the junction, and 
sending more current through one junction than through the other. 

The same principle has been applied in the measurement of the Thom- 
son effect. The general method is here outlined and some of the pre- 
cautions which must be observed pointed out. The mechanical details 
as worked out at present are far from perfect but suffice to show that the 
method is entirely feasible. The results of some experiments on the 
bismuth-tin alloys are included. 

The apparatus is described in the author’s paper entitled “Tests of 


1 Puys. REv., Ser. I., XXXIII., pp. 379-402, Nov., 1911, and Puys. Rgv., N. S., VII., 
Ppp. 269-277, Feb., 1916. 
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Thermo-electric Formule Based on Bismuth and Bismuth-tin Alloys,” 
to which reference has already been made. The only difference is that 
new test specimens were cast. The preparation of these is outlined in 
the paper by Mr. McKay and the author. 

The scheme of electrical connections for the Thomson effect alone is 
shown in Fig. 1. AB and CD are two test specimens of the same metal, 
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connected together at one end and at the other end connected to two 
poles of the six-pole reversing switch G. The switch G is in series with 
a lamp-bank, ammeter and source of current, as shown. The current 
passing through this ammeter is designated by the letter 7. A shunt 
circuit containing another ammeter, the resistance R and the key K 
is connected between E and the pole P of the current source. This shunt 
circuit is then in parallel with one of the specimens. As these have 
resistances of the order of 0.1 ohm, any variations of the resistance 
between E and P due to variations in R have an inappreciable effect 
upon the value of J. One pair of junctions, say A and C, is kept in 
melting ice, and the other in boiling water, the water being kept at the 
boiling-point by sending current through one of the small heating-coils 
used in determining the Peltier effect. With the key K open, a current 
is sent through the circuit so that the current flows, say, from B to A 
and from C to D. If the Thomson effect is positive, then more heat 
will be developed in AB than can be accounted for by the Joule heating 
effect, and less in CD. If, then, some of the current through AB is 
shunted through R, the current J being kept constant, the Joule heating 
can be reduced in AB, but not in CD, until the Thomson effect is exactly 
compensated. Assuming the current to flow as already suggested, if P 
is the positive pole of the source of current and the “specific heat of 
electricity’’ is positive, compensation is effected by closing the key K, 
and making suitable adjustment of the resistance R. If P is the negative 
pole, or if the ‘‘specific heat of electricity” is negative, the current through 
the test pieces must be commuted by means of the switch G. 
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Let J = current through the generator, 
4 = current through R, and I’ = J — i, 
t and t/ = the respective temperature gradients in degrees per unit 
length of bar, 

rand r’ = respective resistances of unit length of bar, 

and o = the absolute value of the Thomson effect. 
Then 

I’r — Iot = Ir’ + I'ot’, 
whence 
Pr — Ir’ 
c~ t+ FF * (1) 


If r = r’, and ¢t = ?#’, this equation reduces to o = ir/t. 

In operation it was found impracticable to obtain exact equilibrium, 
and so the method followed has been to determine the difference in tem- 
perature existing between corresponding points on the two bars, first, 
when no current was flowing through the bars, secondly, when the same 
current, J, was flowing through them, and lastly, when some of the current 
was shunted through the resistance R. Let the difference in temperature 
be 7; degrees in the first case, 72 in the second, and 7; in the third, and 
let (JT; — T,)/(T2 — T;) = 1 — x, x being the fraction of the proper 
compensation which is actually effected, then 


P(r’ —r) +ol(t +t’) = k(T2 — Th), 
where k is a constant, and 


J”y’ 4. I'st’ — Ty = Ict = R(T3 = T;), 
whence 
_ (21 — i)ir’ — xP(r' — 1) 


= elt + 0) — i? (2) 


Equation (2) has been used throughout the computations. 

Previous experimenters, who have used somewhat similar methods, 
have determined the temperatures at different points on the bars, the 
temperature gradients and the temperature changes, by means of thermo- 
elements separated from the metal by thin strips of mica or other 
insulator. It seemed to the author that the thermo-elements would 
respond rather slowly to changes in the temperature of the bars and, 
consequently, might tend to give inaccurate results. To obviate this 
difficulty, one junction of a thermo-couple was soldered to a small 
spring, by means of which it was held in contact with a test specimen, 
and the other junction was placed in a Dewar flask which was filled with 
water. During the course of an experiment the temperature of the 
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water in the flask rose slightly, but since the temperature was read at 
frequent intervals the temperature at any instant was known. Three 
junctions were used on each bar, as is shown in Fig. 2. Copper-con- 
stantan couples were used. It was thought that three points on each 
bar might be sufficient to determine the temperature gradient, but this 
was found not to be the case, and so it was necessary to perform at least 
two experiments on each pair of specimens, placing the junctions of the 
thermo-couples at different points on the bars in the different cases. 
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Whenever circumstances permit the resumption of the experiments, 
which must be laid aside for some time owing to the war, the author 
proposes to use at least ten thermo-couples’ with five junctions on each 
bar. These will be rigidly attached to a board covered with a thick 
layer of felt and hinged to the apparatus in such a way that it can be 
quickly and easily clamped down onto the bars. In this way it is 
believed that radiation and convection and conduction losses to the 
surroundings can be practically entirely eliminated and uniformly good 
contact between the bars and the thermo-couples will be insured. The 
steady state in the bars will then depend absolutely upon the end tem- 
peratures and the rate of production of heat in them by the electric 
current. This board will replace the present felt pad which is laid over 
the bars and held down by weights. 

The thermo-couples were connected to a potentiometer and differences 
in temperature between the various points on the bars and the water 
in the Dewar flask thereby determined. These readings together with 
the temperature readings of the water in the flask furnished all the 
necessary temperature data. It was found that about 25 minutes must 
elapse before a steady temperature state is set up in the bars after 
changes in the experimental conditions, such as, starting the current 
through the bars. Readings were made in the order: 1, 2, 3, 4, 5,6, I, 2, 
3, 4, 5, 6 (see Fig. 2) and whenever any reading in the second set differed 
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from the corresponding one in the first, the values used were found by 
interpolation. 

Two difficulties have been encountered with the apparatus in use, which 
have necessitated the rejection of some of the experimental results. 
The first was that the springs used did not always insure a good contact. 
This was particularly true in the case of the pure bismuth, the springs 
being so stiff they chipped the metal. The second was that a small 
amount of steam escaped from the hot flask through the openings around 
the test bars, because these were made large enough to permit the bars to 
slip through easily. This steam condensed on the bars and between 
the layers of felt and consequently disturbed the thermal equilibrium of 
the bars. Both these defects can, however, be remedied to a large 
extent; but in view of the dedication by the university of its staff and 
other resources to enterprises bearing directly upon the war and the 
improbability of an early resumption of the experiments, it seems best 
to make a preliminary report at this time. 

The results given in the following table are, with the exception of 
those for bismuth, the mean of four or more determinations and are, 
we believe, approximately correct. In the case of the pure bismuth the 
value given is the mean of but two determinations, and the author would 
not attach too much weight to it. All the values given here are con- 
siderably in excess of those given by Laws.'!' This may be due in part 


TABLE I. 
Thomson Effect in Microvolts 
Percentage of Tin in Alloy. per Degree Centigrade. 
0 (Pure Bi) 58 
1.00 676 
2.00 537 
3.72 207 
6.36 137 


to slight differences in the composition of the specimens, but probably 
is more largely due to the differences in the experimental procedure. 
The author believes that the direct contact between the thermo-couples 
and the bars is likely to yield more trustworthy results than those 
obtained when any insulating material, however thin, intervenes. He 
also believes that the experimental conditions of the method here out- 
lined can be made at least as satisfactory, if not more so, as any other 
method yet proposed. These results have been calculated from the 
temperature determinations made with the potentiometer, and the con- 
ductivities of the same specimens as determined by McKay and the 
author. .The value of « was determined for temperatures ranging from 


1 Laws, Phil. Mag., 6, 7, pp. 560-578, 1904. 
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27.7° C. to 89.2° C., but since they did not indicate any systematic 
temperature variation, the results given are the means of all the deter- 
minations, the mean temperature of all the determinations being 43.5° C. 
The probable error is in the neighborhood of 50 microvolts per degree 
Centigrade. In these experiments the value of the current J varied 
from 3.0 to 3.1 amperes, and that of 7 from 0.139 to 0.790 amperes. 
The value of x ranged from 0.252 to 2.81. 
The results are shown graphically in Fig. 3. 
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SUMMARY. 


A method of measuring the Thomson effect by compensation in test 
specimens designed for the measurement of other thermo-electric effects 
(also by compensation) is here outlined. One is thus enabled to deter- 
mine these properties of metals using the same specimens for all deter- 
minations, and not specimens similar to each other but which may differ 
considerably in these properties. 

The apparatus used is open to improvement in a number of ways and 
when so improved should make the measurement of the Thomson effect 
a comparatively simple operation. It is quite possible that a fairly 
sensitive D’Arsonval galvanometer might be substituted for the poten- 
tiometer with advantage. 
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With bars of homogeneous material and uniform cross-section the 
mathematical computations become quite simple, since, except in the 
cases of those substances having abnormally high Thomson effects, the 
resistances of unit lengths of the bars and the temperature gradients in 
the bars will be the same for both bars of the same material. In this 
case the equation for the Thomson effect reduces to the form 
(2I — ijir 
+? Calo 
The results obtained indicate a remarkable increase in the Thomson 
effect when very small amounts of tin are added to pure bismuth. As 
the percentage of tin is increased beyond about one or two per cent. 
the value of the Thomson effect decreases. 
In conclusion the author wishes to express his appreciation of the 
help and suggestions of Prof. W. P. Boynton and Mr. Cecil A. McKay. 


PHYSICAL LABORATORY, 
UNIVERSITY OF OREGON, 
February, 1918. 
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NOTE ON THE WEISS MOLECULAR FIELD IN FERROMAG- 
NETIC SUBSTANCES. 


By K6tTar6 Honpa. 


CCORDING to the kinetic theory of paramagnetic gas put forward 
by P. Langevin,! the specific magnetization o is given by 


I ooll 
¢ = 00( coth a -t), a= pr 


where go is the saturation value of magnetization, H the magnetizing 
field, R the gas-constant and 7 the absolute temperature of the gas. 
Since R is a very large quantity, for a strong field obtainable by an 
electromagnet, the value of a, and therefore that of ¢, must be very small, 
unless the temperature is very low. In order therefore that the fer- 
romagnetic property of a substance may be explained by the above theory, 
we must assume an additional hypothesis to Langevin’s theory. Prof. 
P. Weiss? has therefore made the following assumption, viz., that if a 
ferromagnetic substance undergoes the action of an external field, each 
molecule is, in addition, subjected to the action of a large field in the 
direction of the external field. He has attributed the origin of the field 
to the mutual action of the neighboring molecules and supposed it to be 
uniform. He also assumes the molecular field H,, to be proportional to 
the intensity of magnetization J; that is, he puts 


H=H,+An = H+ NI, 


where Hy, is the external field aad N the factor of proportionality of the 
molecular field. 

Now, from the above expression for o, it is evident that for ordinary 
temperature and magnetizing field, H,, must at least amount to several 
ten millions of gausses in order that o may have a value comparable to 
that of a ferromagnetic substance. For example, consider the case of 
the magnetization of iron, and let 


T = 293°, Ho = 100, R = 8.32 X 10’, oo = 220. 


Taking H = 10°, 10%, 10’, 108, 
we get @ = 0.0507, 0.507, 5.07, 50.7 
and o = 3.7, 36.5, 176, 216. 


1 Ann. de chem. et Phys., (8), 5, 1905, 70. 
2 Arch. des Sci., No. 5, 32, 1911, 401. 
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Hence to explain the ferromagnetism by the above extension of Lange- 
vin’s theory, as was done by Prof. Weiss, an enormously large molecular 
field must be assumed. It is, however, very difficult to account for the 
origin of such a large field by means of the mutual action of molecular 
magnets. According to Prof. Weiss, every minute crystal composing a 
ferromagnetic substance, though the latter is not acted on by any external 
field, is supposed to be magnetized to saturation at the temperature by 
the large molecular field. Notwithstanding this, we cannot detect the 
state of magnetization, because of an irregular distribution of the direc- 
tions of magnetization of these minute crystals. Hence, this magneti- 
zation is termed by him ‘“‘spontaneous’’ magnetization. The process of 
magnetization consists, according to his theory, in directing the molecular 
magnets in each minute crystal more or less in the direction of the magne- 
tizing field against the molecular field. If such be the case, it is very 
difficult to explain the easy magnetization of ferromagnetic substances; 
for if a molecular field of several ten millions of gausses acts on each 
molecular magnet, it is almost impossible that these magnets should be 
turned in other directions by a small external field, such as 10 or 100 
gausses, as is usually the case. 

The evidence, which Weiss gives as proof of his theory, is contained in 

i. His explanation of the magnetic properties of magnetite and pyrrho- 
tine by means of the demagnetizing field; 

ii. The existence of corresponding states in ferromagnetic substances; 

iii. The applicability of the relation 


x (T — 0) = const., 


where x is the specific susceptibility at a temperature T higher than the 
critical temperature 6; 

iv. The change of specific heat in the critical range of iron, nickel and 
magnitite. 

In a former paper! by Mr. J. Okubo and the writer, it has been fully 
argued that the first three instances cannot be considered as the proof of 
the validity of his theory of molecular field, and that the fourth may be 
regarded as the only favorable evidence put forward by Prof. Weiss. 
In the present paper, it will be shown that this last piece of evidence is 
again inconsistent with the observed fact. 

Prof. Weiss takes as the magnetic potential energy of a ferromagnetic 
substance acted on by its molecular field H,,, the following expression 


W = —3 JHn = —3 NE. 
Considering the heat evolved or absorbed during the magnetic transfor- 


1Sci. Rep., 5, 1916, 153. 
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mation to be due solely to the change of magnetic energy W, he puts this 
change equal to that of the specific heat, that is, assuming WN to be inde- 
pendent of 7, 


where p is the density of the substance. During heatinz, dJ/dT is always 
negative and therefore the specific heat must increase with the rise of 
temperature. From the well-known J, T curve, we may infer that 6c 
increases with temperature to the vicinity of the critical point and then 
rapidly diminishes. This conclusion agrees with the result of experi- 
ments by P. Weiss and P. N. Beck,! not only qualitatively, but also 
quantitatively. 

To the above calculation, however, the following objections may be 
raised: (i) As the magnetic energy for the calculation of the heat gener- 
ated or absorbed during heating per unit of volume of the substance, we 
must take + 4 JH». instead of — 4 IH». (ii) It is not correct to assume 
that during heating, the whole magnetic energy is converted into heat, a 
portion of it being probably changed into an intrinsic energy. 

According to the writer’s opinion, what Prof. Weiss took as the poten- 
tial energy, is of course correct; but what determines the energy content 
of the substance, is not the potential energy, but the energy required for 
magnetizing the substance. Now, the potential energy of a magnet is 
the work required for bringing the plus and minus magnetisms of the 
magnet from an infinite distance to the present position, the first con- 
figuration being taken as zero of the potential. By making the plus and 
minus magnetisms approach each other from an infinite distance, work is 
done by the system and therefore the potential energy diminishes. 
During this approach, the magnetic moment of the system diminishes in 
consequence of the decrease of their polar distance. Hence, if we under- 
stand by the word ‘‘ magnetization” the process of increasing the mag- 
netic moment, the separation of plus and minus magnetisms from each 
other corresponds to magnetization, and their approach to demagneti- 
zation. It is then evident that magnetization means a gain of energy, 
while demagnetization means a loss of energy, by the magnet. 

Next, consider the case of magnetization by induction; the energy of 
magnetization per unit of volume, is known to be 


I 
== | nap = f Hdl + —- H?. 
47 0 87 


The second term in the last expression is the energy per unit of volume 


1 Jour. de Phys., 7, 1908, 249. 
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due to the polarization of the ether. In the present investigation, this 
part of the energy can be left out of consideration. Hence, according to 
Weiss’s theory, we may take as the energy of magnetization 
W = fH,dI, H, = NI; 
W =3 NEF. 

If this expression is taken as the energy of a magnetized substance and 
we calculate the change of specific heat in the same way as was done by 
Prof. Weiss, we obtain the result, which is just opposite to the observed 
fact. 

Since it is not actually possible to determine the intensity of the spon- 
taneous magnetization as a function of temperature, Prof. Weiss has as- 
sumed that the relation of spontaneous magnetization to temperature is 
the same as that of induced magnetization under a very strong field to 
temperature, and made his calculation for the change of the specific heat 
at high temperatures by using Curie’s result of induced magnetization. 
But this assumption is not correct, as the following calculation will show. 

If a ferromagnetic substance be heated under a constant field, the 
intensity of magnetization gradually decreases, its rate becoming greater, 
till it vanishes at the critical point. It does not however follow that 
during the demagnetization by heating, the whole magnetic energy is 
converted into heat energy; very probably a certain portion of it is 
changed into intrinsic energy and the rest to heat energy. What fraction 
of the whole energy is to be converted into heat is only known from the 
second law of thermodynamics, provided the process of demagnetization 
by heating be reversible. This reversibility is also assumed in the Weiss 
theory of molecular field. 

Now in the case of reversible change, the energy of magnetization is a 
free energy; hence, if the intensity of magnetization be proportional to 
the magnetizing field, we have 


F = f HdI =} HI. 


If, under a constant field, the temperature of the magnetized substance 
be increased by dT, the magnetic induction is thereby increased by dB. 
From the second law of thermodynamics, we have 


dF = dW — SdT, 
where dW is the work done on the substance and S its entropy. In the 


present case, 
H {dB dI 
ly oo § oe = a 
dw = (5), @7 n( Sz) ar, 


dF dI 
(7), -#(z),- 5 
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SERIES. 
dI dF\  ,_ (dl 
-™ a(S), os i. 7 pH( 55), 


Hence the heat received per unit of mass and per degree rise of temper- 
ature, that is, the change of specific heat due to the loss of magnetization 
at high temperatures, is 


; -7(4) -2 (5) 
oe p\dT)y 2p \dT?) x’ 


This expression is quite different from that used by Prof. Weiss, that is, 
NI dI 


6c = “> a 


Thus the above assumption made by Prof. Weiss regarding the effect 
of temperature on magnetization is not valid. Hence, we may conclude 
that in the case of Prof. Weiss, the good coincidence between the theoreti- 
cal and observed values for the change of specific heat in the critical 
range isa merechance. The fourth reason put forward by Prof. Weiss is 
thus again unfavorable to his theory of molecular field. According to 
the author’s view, the heat absorbed during heating through the range 
of magnetic transformation, and that evolved during cooling, is the heat 
of transformation called the A: transformation by metallurgists, whose 
existence is, in the present days, proved beyond doubt, the heat due to 
the change of magnetic energy being negligibly small in comparison with 
the heat of transformation. Hence it is to be concluded that the exis- 
tence of the molecular field, as conceived by Weiss, is not consistent with 
the observed facts. 


or 
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THE ELECTRICAL CONDUCTIVITY OF VERTICALLY 
SUSPENDED WIRES.! 


By S. R. WILLIAMs. 


re a similar caption, Shelford Bidwell? showed that the elec- 
trical resistances of vertically suspended copper and iron wires 
alter to a small extent with the direction of the current traversing them. 
He found that the resistance of a copper wire is slightly greater when 
it is directed upwards than when it flows downwards. On the other 
hand, a temporarily stretched iron wire, apparently, has a greater 
resistance for a downward current than for one flowing upwards. 

Bidwell closes his interesting paper by saying, ‘‘The effects hitherto 
observed are so small that they might possibly be due to accidental 
causes, and I publish this account of them with some diffidence.”’ He 
suggests that “‘the experiments be repeated with much longer wires, such 
as might be suspended in the shaft of a coal pit or in a shot tower.’”’ So 
far as the present author knows, no repetition of these experiments was 
ever carried out by Bidwell or anyone else and it therefore seemed worth 
while to check up these interesting effects. Bidwell explained this 
change in resistance from change in direction of current as due to the 
Peltier heat effect and that the phenomenon was closely allied to some 
experiments carried out by Wm. Thomson* in which he studied the See- 
beck effect between stretched and unstretched portions of the same 
material. 

Thomson found that if a temporarily stretched iron wire is connected 
to an unstretched iron wire in series and one of the junctions is heated, 
a current will flow from the unstretched to the stretched portion through 
the heated junction, as shown in Fig. 1. For permanently stretched iron 
wire just the reverse occurs as shown in Fig. 2. In temporarily stretched 
copper wire the current flowed from the stretched to the unstretched 
section through the junction at higher temperature. That is, temporarily 
stretched copper wire behaves as does the permanently stretched iron 
wire. 

In some experiments carried out by Le Roux‘ along the same lines as 

1 Read by title at the Columbus meeting of the Amer. Phys. Soc., Dec. 27-30, I915. 

? Phil. Mag., Vol. 23, p. 499, 1887. 


3 Thomson, Papers, Vol. 2, p. 296. 
4 Le Roux, Ann. Chim., Phys. (4), 10, p. 226, 1867. 
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those indicated by Thomson, contradictory results were obtained. Ac- 
cording to Tunzelmann! this was because the stretching gave different 





@ 

U 
v Cold Hot Cold 
Fig. 1. Fig. 2. 


results, depending upon whether the tension was large or small. Cohn? 
found a cyclic effect in increasing and decreasing the tension and doubt- 
less the discrepancy between Thomson’s and Le Roux’s work may be 
found in just this phase of 
the subject. This seems to 
have been confirmed by 
Ewing.’ 
In a vertically suspended 
wire, the wire becomes more 
c and more stretched as we 
ascend, hence an electric 
current flowing up the wire 
flows from a less stretched 
to a more stretched portion 
and we should have a Pel- 
tier heating or cooling de- 
pending upon what the 
Seebeck effect is for the 
particular material investi- 
gated. For a substance in 
which the Peltier effect 
gives a heating at the junc- 
tion when the current flows 
from an unstretched to a 
stretched portion there will 
be a small increase in temperature in a vertically suspended wire if the 
current flows upward and a slight cooling when the current flows down- 
ward. By arranging the vertically suspended wire, as shown in Fig. 3, 
Bidwell was able to demonstrate this phenomenon. 5 























1 Tunzelmann, Phil. Mag. (5), 5, Pp. 339- 3 Ewing, Beibl., 6, p. 32, 1882. 
2E. Cohn, Wied. Ann., 6, p. 385, 1879. 
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A wire AB was suspended at its middle point and the two ends con- 
nected to a Wheatstone bridge in such a way that the two portions of the 
wire A and B formed two arms of the bridge. When the current flows 
from the battery, the major part may be made to flow through A and 
B by making R, and R; fairly large. This arrangement also increases the 
sensitivity of the bridge. 

The current as it flows, let us say, up A and down B will cause the 
temperature of A to rise and of B to lower if it is a specimen of perma- 
nently stretched iron wire. In addition there will also be a Joule heating, 
but if the wire is uniform this change in temperature will be the same 
in both arms of the bridge and will remain the same no matter which 
way the current flows. With the Peltier heating effect, however, there 
will be a difference in the temperature between A and B and this will 
depend upon the direction of the current through A and B. This dif- 
ference in temperature due to the Peltier effect will produce a change 
in resistance and so throw off the balance of the bridge when the current 
is reversed by means of the commutator, X. This explanation of Bid- 
well’s effect of course led to the suggestion by Bidwell that the experi- 
ment be repeated, using much longer wires, for the longer the wires the 
greater would be the difference in resistance between the two portions 
of the wire, A and B, which could the more readily be measured on the 
Wheatstone bridge. 

Inasmuch as no mine shaft or tall tower was available and a deep 
elevator shaft was so drafty that temperatures were hard to control it 
occurred to the author that the differential resistance might be augmented 
by loading the wires at regular intervals. This was done by attaching 
to the vertically suspended wires, A and B, at intervals of 30 cm., blocks 
of lead weighing 175 grams each. The effects were so positive that it 
seemed worth while to put the results on record as corroborating the 
preliminary notice given by Bidwell. 

The wires used were insulated iron and copper wires. Uninsulated 
wires gave very discordant results from variations in temperature due 
to air currents. The insulating material prevented those rapid changes 
in temperature so that balancing of the bridge was possible. There were 
two specimens of iron wire; one possessed a permanent stretch from 
having been stretched for years as a telephone line, while the other wire 
was only temporarily stretched during the experiment, as was also the 
case for the copper wire. 

The temporarily stretched copper wire had a diameter of 0.104 cm. 
and was insulated with a double cotton covering. One branch, A, Fig. 3, 
of the copper wire had a resistance of 0.2055487 ohms when a current 
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of three amperes flowed upwards, and a resistance of 0.2055162 ohms 
when the current was reversed. This gave a difference in resistance 
equal to 0.0000325 ohms. This is equivalent to a 0.016 per cent. change. 
A change in temperature of 1° C. produces an alteration of about 0.4 
per cent. in the resistance of copper; hence the temperature of the copper 
wire was 1/25° C. higher with an upward than with a downward current. 

Qualitatively, a permanently stretched iron wire behaved the same 
as the sample of copper just described. It had a diameter of 0.268 cm. 
and was insulated with rubber and a cotton covering over that. The 
arm A of this wire had a resistance of 0.2095217 ohms when a current of 
three amperes flowed upwards and a resistance of 0.2095012 ohms when 
the current was reversed, making a difference of 0.0000206 ohms or about 
0.01 per cent. change in resistance. A change in temperature of one 
degree C. changes iron about 0.5 per cent.; hence this would indicate an 
alteration in temperature of about 1/50° C. when the current was reversed 
in the wire. 

Another iron wire which was only temporarily stretched had a diameter 
of 0.1024 cm. and was insulated as the other sample of iron wire. The 
arm A of this wire had a resistance of 0.9996020 ohms when the current 
flowed up and a resistance of 0.9997754 ohms when the current was 
reversed. This sample of wire 
showed an opposite effect from that 
of the copper or of the permanently 
stretched iron wire. This change 
in resistance amounted to 0.0001734 
ohms and would be counted posi- 
tive if the other two were taken as 
negative. The percentage change 
amounts to about 0.017 and since 
iron changes its resistance per de- 
gree about 0.5 per cent. the altera- 
tion in temperature due to the reversal of three amperes amounted to 
about 1/30° C. 

In order to check up the effects thus found and compare them with the 
Seebeck effect, the following tests were made. In the edge of a piece of 
a plank about a meter and a half long, two large nails, A and B, were 
driven, Fig. 4. Between these two spikes was suspended a piece of 
the wire to be tested and so wrapped about the nails that there would 
be no slipping when a weight was hung on it. The two ends of the wire 
were then carried to the terminals of a galvanometer, G. With a weight 
of 13.5 kg. hanging on the portion of the wire between the nails a combina- 





Fig. 4. 
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tion was obtained whereby a stretched portion of the wire was connected 
to two unstretched sections, the junctions being located at the nails. 
By applying a Bunsen flame at the junction of the stretched and un- 
stretched portions it was checked out and found that the Seebeck effect 
was of the character that should correspond to the Peltier effect found in 
the suspended wires. The character of the Seebeck effect in the three 
wires experimented upon are shown in Figs. 1 and 2. 

It is needless to say that when measuring the resistance of the vertically 
suspended wires careful tests were made to insure that no spurious 





Fig. 5. 


thermoelectromotive forces were present to cause a deflection of the 
galvanometer when the bridge was being balanced on the reversal of 
current. 

Change in resistance of the vertically suspended wires with change in 
direction of current was measured for different magnitudes of current 
flowing through the wires. These results are shown in Fig. 5, that for 
iron being for temporarily stretched iron wire. 

If the explanation given by Bidwell is correct and a difference in tem- 
perature between A and B exists then it ought to be detected by various 
means. This was done and the first method used was to strip off the 
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insulation from the vertically suspended wires for a distance of about 5 
cm. and paint the bare wire with a thin coating of shellac. Around this 
bared portion of the wire, No. 32 single cotton-covered German silver 
wire was closely wound in a single layer. Equal coils, C; and C2, were 
wound on each vertical wire as shown in Fig.6. The vertically suspended 























Fig. 6. 


wires were detached from the bridge and connected in series with am- 
meter, G, reversing switch, C, and suitable rheostat, R, so that current 
could be sent up either A or B. The wire, C, connecting the center 
point of A—B, Fig. 1, was also detached from the bridge and the lower end 
swung free in the air. 

Coils, C; and C2, were then put into the bridge as two arms of the same, 
see Fig. 6. ; 

If now an electric current is allowed to flow up A and down B ina 
piece of permanently stretched iron wire, the temperature of A will 
increase slightly and consequently C,, while section B will cool off a 
small amount, slightly lowering the temperature of C2. If the bridge is 
now balanced and the current in A-B reversed the reverse conditions of 
temperature will occur in A and B and so spoil the balance of the bridge. 
The results obtained by this method proved very erratic, but on the 
whole pointed to a positive result. 











Vou. XII. ELECTRICAL CONDUCTIVITY. 249 


Not content with this demonstration, a thermocouple of No. 36 
copper and constantan wires was made and the two junctions placed 
alongside of bared portions of the wires A and B, care being taken that 
the junctions were electrically insulated by shellac from the vertically 
suspended wires (see Fig. 7). Both in using the coils, C; and C2, and the 
thermocouple, the current was allowed to flow through A and B for 5 
minutes before any readings were taken. Very positive results were 
obtained with the thermocouple. There is a difference in temperature 
of the wire when a current flows up than when down. It was not a 
sensitive thermocouple which was used. With the galvanometer used 
in this test I could detect 1/100 of a degree C. without any difficulty. 








Fig. 7. 


Calibrating the thermocouple, I found a fair degree of agreement be- 
tween the results obtained by observation and those calculated by the 
method given by Bidwell. For instance, in the permanently stretched 
iron wire there was, by observation, with the thermocouple a difference 
in temperature of about 1/20° C. between A and B when 8 amperes 
flowed through A and B. When 3 amperes flowed it was calculated, as 
already shown, a difference of about 1/50° C. in A when current flowed 
up and when down. 

It is to be remembered that a reversal of current in A and B would 
not reverse the Joule heating effect, hence it could be eliminated from the 
final results. 

It is hard to draw comparisons between the results obtained for the 
different wires. The tension for the temporarily stretched iron wire is 
very much larger per unit cross section that for the permanently stretched 
one and accounts in part for the larger difference in temperature and 
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resistance when the current flows in one direction from what it does in 
the other. Then there is also the difference in physical conditions of 
the conductors—as well as chemical—to be considered. 

This note, then, confirms the work of Bidwell both as to the character 
of the effect and as to the explanation of it. It has also extended the 
‘ observations to another specimen of iron wire, and would have been 
extended to more if insulated specimens could have been obtained. It 
is a small contribution to that very large subject! in which thermo- 
electric currents are generated between portions of the same material 
but in one of which permanent or temporary physical changes have 
occurred. 

The author is indebted to Mr. L. G. Raub, an advanced student in 
physics, for the careful, painstaking work in making many of the observa- 
tions from which the foregoing data were obtairied. 
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